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Carbon allotropes such as diamond, nano-tube, Fullerene, and Graphene, have unique lattice
symmetries of crystal lattice, but these are topologically trivial. We have proposed a topologically-
nontrivial allotrope, named Hopfene, which has three-dimensional (3D) arrays of Hopf-links to bind
2D Graphene sheets both vertically and horizontally. Here, we describe the electronic structures
of Hopfene by simple tight-binding calculations. We confirmed the original Dirac points of 2D
Graphene were topologically protected upon the introduction of the Hopf links, and low-energy
excitations are described by 1D, 2D, and 3D Dirac and Weyl Fermions.
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FIG. 1. New 3D carbon allotrope, Hopfene. (a) Crystal
structure. Graphene sheets are stacked both horizontally and
vertically. Colours of carbon atoms are just guide to the eyes,
representing AB- and CD-sublattices. (b) Hopf-links at the
intersection. (c) Extended view inside Hopfene. (d) Horizon-
tal and (e) vertical Graphene sheets, showing the penetration
of bonds across the sheets perpendicular to each other.
Asymptotic low-energy dispersion of an elementary
particle is correlated with the symmetries of the vac-
uum, and the emergence of the mass is a manifesta-
tion of a broken symmetry[1]. In condensed-matter
physics, we can design materials with certain symme-
tries, and carbon allotropes are especially useful, be-
cause there are huge varieties of families with different
translational and rotational symmetries of the crystal lat-
tices in a form of a cage[2], a tube[3, 4], and a sheet[5–
8]. These materials are revolutionising the material
science and technologies, leading to novel applications
such as Micro-Electro-Mechanical-Systems (MEMS)[9]
and Field-Effect-Transistors (FETs)[6], however, these
materials are topologically trivial without having a link
nor a knot. On the other hand, there are vast majorities
of synthetic materials with non-trivial topological config-
urations, known in polymers[10–12], macromolecules[13–
16], and proteins[17]. Recently, we have applied the con-
cept of topological materials to design a new carbon al-
lotrope, Hopfene, based on a idea of using Hopf-links[18].
The proposed crystal structure of Hopfene[18] is shown
in Fig. 1. Hopfene is made by stacking two-dimensional
(2D) honeycomb lattices, Graphene[5–7] sheets, both
vertically and horizontally (Fig. 1 (a)) with arrays of
Hopf-links at intersections (Figs. 1 (b) and (c)). The
Graphene sheets are aligned parallel to the direction
along zig-zag edges and perpendicular to the arm-chair
edges (Figs. 1 (d) and 1 (e)). In contrast to Carbon-
Nano-Tubes (CNTs), for which the structures were cate-
gorised by the way to role-up a Graphene sheet, Hopfene
is characterised by the way to insert Graphene sheets[18].
In this example of Fig. 1, available slots for Graphene
sheets are occupied every alternative slots, and it is called
as (2,2)-Hopfene. The crystal is tetragonal with the lat-
tice constants of a = b = 3a0 within the x− y plane and
c =
√
3a0 along z (Figs. 1 (d) and 1 (e)) at the bond
length of a0. The details of the Hopfene structures were
described in Ref. [18], and the purpose of this letter is to
explore the impacts of Hopf-links on the electronic band
diagrams.
Graphene[5–7] is attracting significant interests, be-
cause the low-energy linear excitations are described by
massless Dirac Fermions, which are considered to be
emerged from magnetic monoples located at valleys of
the band structure, called Dirac points[4, 19, 20]. These
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E3(k)
<latexit sha1_ base64="kiQvEaWsvlH61ttNLX R40B3iCUc=">AAACcHichVHNSs NAEP4a/+tf1YvgwWpV1EOZqqB4 EkTwqK1VoS0liVsNTZOYpAUNfQ FfoAcvKoiIj+HFF/DgI4g3Fbx4 cJIWxf9Zdmf22/lmvt1VLF1zXK K7kNTU3NLa1t4R7uzq7umN9PVv OmbZVkVaNXXT3lZkR+iaIdKu5u pi27KFXFJ0saUUl/3zrYqwHc00 NtwDS+RK8q6hFTRVdhnKreRno5 NeVilEi9WpfCSWiFNg0feAviIx NGzNjFwgix2YUFFGCQIGXI51yH B4ZJAAwWIsB48xmyMtOBeoIszc MmcJzpAZLfK6y7tMAzV479d0Ar bKXXSeNjOjGKdbuqQnuqEruqfX X2t5QQ1fywF7pc4VVr73aDD18i +rxN7F3gfrT80uClgItGqs3QoQ /xZqnV85rD2lFpPj3gSd0QPrP6 U7uuYbGJVn9XxdJI8R/vEDvgWbM /EExRPrc7GlscZXtGMIo5jk957 HElaxhjT33UcNJzgNPUqD0rA0U k+VQg3OAD6ZNP0GtymNyw==</l atexit><latexit sha1_ base64="kiQvEaWsvlH61ttNLX R40B3iCUc=">AAACcHichVHNSs NAEP4a/+tf1YvgwWpV1EOZqqB4 EkTwqK1VoS0liVsNTZOYpAUNfQ FfoAcvKoiIj+HFF/DgI4g3Fbx4 cJIWxf9Zdmf22/lmvt1VLF1zXK K7kNTU3NLa1t4R7uzq7umN9PVv OmbZVkVaNXXT3lZkR+iaIdKu5u pi27KFXFJ0saUUl/3zrYqwHc00 NtwDS+RK8q6hFTRVdhnKreRno5 NeVilEi9WpfCSWiFNg0feAviIx NGzNjFwgix2YUFFGCQIGXI51yH B4ZJAAwWIsB48xmyMtOBeoIszc MmcJzpAZLfK6y7tMAzV479d0Ar bKXXSeNjOjGKdbuqQnuqEruqfX X2t5QQ1fywF7pc4VVr73aDD18i +rxN7F3gfrT80uClgItGqs3QoQ /xZqnV85rD2lFpPj3gSd0QPrP6 U7uuYbGJVn9XxdJI8R/vEDvgWbM /EExRPrc7GlscZXtGMIo5jk957 HElaxhjT33UcNJzgNPUqD0rA0U k+VQg3OAD6ZNP0GtymNyw==</l atexit><latexit sha1_ base64="kiQvEaWsvlH61ttNLX R40B3iCUc=">AAACcHichVHNSs NAEP4a/+tf1YvgwWpV1EOZqqB4 EkTwqK1VoS0liVsNTZOYpAUNfQ FfoAcvKoiIj+HFF/DgI4g3Fbx4 cJIWxf9Zdmf22/lmvt1VLF1zXK K7kNTU3NLa1t4R7uzq7umN9PVv OmbZVkVaNXXT3lZkR+iaIdKu5u pi27KFXFJ0saUUl/3zrYqwHc00 NtwDS+RK8q6hFTRVdhnKreRno5 NeVilEi9WpfCSWiFNg0feAviIx NGzNjFwgix2YUFFGCQIGXI51yH B4ZJAAwWIsB48xmyMtOBeoIszc MmcJzpAZLfK6y7tMAzV479d0Ar bKXXSeNjOjGKdbuqQnuqEruqfX X2t5QQ1fywF7pc4VVr73aDD18i +rxN7F3gfrT80uClgItGqs3QoQ /xZqnV85rD2lFpPj3gSd0QPrP6 U7uuYbGJVn9XxdJI8R/vEDvgWbM /EExRPrc7GlscZXtGMIo5jk957 HElaxhjT33UcNJzgNPUqD0rA0U k+VQg3OAD6ZNP0GtymNyw==</l atexit><latexit sha1_ base64="kiQvEaWsvlH61ttNLX R40B3iCUc=">AAACcHichVHNSs NAEP4a/+tf1YvgwWpV1EOZqqB4 EkTwqK1VoS0liVsNTZOYpAUNfQ FfoAcvKoiIj+HFF/DgI4g3Fbx4 cJIWxf9Zdmf22/lmvt1VLF1zXK K7kNTU3NLa1t4R7uzq7umN9PVv OmbZVkVaNXXT3lZkR+iaIdKu5u pi27KFXFJ0saUUl/3zrYqwHc00 NtwDS+RK8q6hFTRVdhnKreRno5 NeVilEi9WpfCSWiFNg0feAviIx NGzNjFwgix2YUFFGCQIGXI51yH B4ZJAAwWIsB48xmyMtOBeoIszc MmcJzpAZLfK6y7tMAzV479d0Ar bKXXSeNjOjGKdbuqQnuqEruqfX X2t5QQ1fywF7pc4VVr73aDD18i +rxN7F3gfrT80uClgItGqs3QoQ /xZqnV85rD2lFpPj3gSd0QPrP6 U7uuYbGJVn9XxdJI8R/vEDvgWbM /EExRPrc7GlscZXtGMIo5jk957 HElaxhjT33UcNJzgNPUqD0rA0U k+VQg3OAD6ZNP0GtymNyw==</l atexit>
E4(k)
<latexit sha1_ base64="3wvBlr5DKxvHv03jpe ewAV+yysk=">AAACcHichVHNSs NAEP4a/2r9q3oRPFitinooUxEU TwURPFq1VWhLSeK2hqZJTNJCLX 0BX6AHLyqIiI/hxRfw4COINyt4 8eA0LYr/s+zO7LfzzXy7q1i65r hE9z6po7Oru8ffG+jrHxgcCg6P JB2zZKsioZq6ae8psiN0zRAJV3 N1sWfZQi4quthVCmvN892ysB3N NHbciiUyRTlvaDlNlV2GMuvZpd BcNa3kQoXafDYYjkbIs9B7QF+R MNq2aQYvkcY+TKgooQgBAy7HOm Q4PFKIgmAxlkGVMZsjzTsXqCHA 3BJnCc6QGS3wmuddqo0avG/WdD y2yl10njYzQ5ihO7qiBt3SNT3Q 66+1ql6NppYKe6XFFVZ26Hhs++ VfVpG9i4MP1p+aXeSw4mnVWLvl Ic1bqC1++aje2F7dmqnO0jk9sv 4zuqcbvoFRflYv4mLrBIEfP+Bbk FyMRCkSjS+FY9Ptr/BjHFOY4/d eRgwb2ESC+x6ijlOc+Z6kMWlCm mylSr42ZxSfTFp4A7kzjcw=</l atexit><latexit sha1_ base64="3wvBlr5DKxvHv03jpe ewAV+yysk=">AAACcHichVHNSs NAEP4a/2r9q3oRPFitinooUxEU TwURPFq1VWhLSeK2hqZJTNJCLX 0BX6AHLyqIiI/hxRfw4COINyt4 8eA0LYr/s+zO7LfzzXy7q1i65r hE9z6po7Oru8ffG+jrHxgcCg6P JB2zZKsioZq6ae8psiN0zRAJV3 N1sWfZQi4quthVCmvN892ysB3N NHbciiUyRTlvaDlNlV2GMuvZpd BcNa3kQoXafDYYjkbIs9B7QF+R MNq2aQYvkcY+TKgooQgBAy7HOm Q4PFKIgmAxlkGVMZsjzTsXqCHA 3BJnCc6QGS3wmuddqo0avG/WdD y2yl10njYzQ5ihO7qiBt3SNT3Q 66+1ql6NppYKe6XFFVZ26Hhs++ VfVpG9i4MP1p+aXeSw4mnVWLvl Ic1bqC1++aje2F7dmqnO0jk9sv 4zuqcbvoFRflYv4mLrBIEfP+Bbk FyMRCkSjS+FY9Ptr/BjHFOY4/d eRgwb2ESC+x6ijlOc+Z6kMWlCm mylSr42ZxSfTFp4A7kzjcw=</l atexit><latexit sha1_ base64="3wvBlr5DKxvHv03jpe ewAV+yysk=">AAACcHichVHNSs NAEP4a/2r9q3oRPFitinooUxEU TwURPFq1VWhLSeK2hqZJTNJCLX 0BX6AHLyqIiI/hxRfw4COINyt4 8eA0LYr/s+zO7LfzzXy7q1i65r hE9z6po7Oru8ffG+jrHxgcCg6P JB2zZKsioZq6ae8psiN0zRAJV3 N1sWfZQi4quthVCmvN892ysB3N NHbciiUyRTlvaDlNlV2GMuvZpd BcNa3kQoXafDYYjkbIs9B7QF+R MNq2aQYvkcY+TKgooQgBAy7HOm Q4PFKIgmAxlkGVMZsjzTsXqCHA 3BJnCc6QGS3wmuddqo0avG/WdD y2yl10njYzQ5ihO7qiBt3SNT3Q 66+1ql6NppYKe6XFFVZ26Hhs++ VfVpG9i4MP1p+aXeSw4mnVWLvl Ic1bqC1++aje2F7dmqnO0jk9sv 4zuqcbvoFRflYv4mLrBIEfP+Bbk FyMRCkSjS+FY9Ptr/BjHFOY4/d eRgwb2ESC+x6ijlOc+Z6kMWlCm mylSr42ZxSfTFp4A7kzjcw=</l atexit><latexit sha1_ base64="3wvBlr5DKxvHv03jpe ewAV+yysk=">AAACcHichVHNSs NAEP4a/2r9q3oRPFitinooUxEU TwURPFq1VWhLSeK2hqZJTNJCLX 0BX6AHLyqIiI/hxRfw4COINyt4 8eA0LYr/s+zO7LfzzXy7q1i65r hE9z6po7Oru8ffG+jrHxgcCg6P JB2zZKsioZq6ae8psiN0zRAJV3 N1sWfZQi4quthVCmvN892ysB3N NHbciiUyRTlvaDlNlV2GMuvZpd BcNa3kQoXafDYYjkbIs9B7QF+R MNq2aQYvkcY+TKgooQgBAy7HOm Q4PFKIgmAxlkGVMZsjzTsXqCHA 3BJnCc6QGS3wmuddqo0avG/WdD y2yl10njYzQ5ihO7qiBt3SNT3Q 66+1ql6NppYKe6XFFVZ26Hhs++ VfVpG9i4MP1p+aXeSw4mnVWLvl Ic1bqC1++aje2F7dmqnO0jk9sv 4zuqcbvoFRflYv4mLrBIEfP+Bbk FyMRCkSjS+FY9Ptr/BjHFOY4/d eRgwb2ESC+x6ijlOc+Z6kMWlCm mylSr42ZxSfTFp4A7kzjcw=</l atexit>
E2(k)
<latexit sha1_ base64="+15xNagihHC93836Eb MRHndyu7c=">AAACcHichVHNSs NAEP4a/2r9q3oRPFitinooUxEU T4IIHqu1VdBSkritoWkSk7RQS1 /AF+jBixVExMfw4gt46COINyt4 8eA0LYr/s+zO7LfzzXy7q1i65r hEdZ/U0dnV3ePvDfT1DwwOBYdH ko5ZsFWRUE3dtPcU2RG6ZoiEq7 m62LNsIecVXewqufXm+W5R2I5m GjtuyRKpvJw1tIymyi5DqY30Ym iufKBkQrnKfDoYjkbIs9B7QF+R MNoWM4NXOMAhTKgoIA8BAy7HOm Q4PPYRBcFiLIUyYzZHmncuUEGA uQXOEpwhM5rjNcu7/TZq8L5Z0/ HYKnfRedrMDGGG7umaGnRHN/RA r7/WKns1mlpK7JUWV1jpodOx+M u/rDx7F0cfrD81u8hgxdOqsXbL Q5q3UFv84km1EV/dninP0gU9sv 4a1emWb2AUn9XLLbF9hsCPH/AtS C5GohSJbi2F16bbX+HHOKYwx++ 9jDVsIoYE9z1GFeeo+Z6kMWlCm mylSr42ZxSfTFp4A7Ufjco=</l atexit><latexit sha1_ base64="+15xNagihHC93836Eb MRHndyu7c=">AAACcHichVHNSs NAEP4a/2r9q3oRPFitinooUxEU T4IIHqu1VdBSkritoWkSk7RQS1 /AF+jBixVExMfw4gt46COINyt4 8eA0LYr/s+zO7LfzzXy7q1i65r hEdZ/U0dnV3ePvDfT1DwwOBYdH ko5ZsFWRUE3dtPcU2RG6ZoiEq7 m62LNsIecVXewqufXm+W5R2I5m GjtuyRKpvJw1tIymyi5DqY30Ym iufKBkQrnKfDoYjkbIs9B7QF+R MNoWM4NXOMAhTKgoIA8BAy7HOm Q4PPYRBcFiLIUyYzZHmncuUEGA uQXOEpwhM5rjNcu7/TZq8L5Z0/ HYKnfRedrMDGGG7umaGnRHN/RA r7/WKns1mlpK7JUWV1jpodOx+M u/rDx7F0cfrD81u8hgxdOqsXbL Q5q3UFv84km1EV/dninP0gU9sv 4a1emWb2AUn9XLLbF9hsCPH/AtS C5GohSJbi2F16bbX+HHOKYwx++ 9jDVsIoYE9z1GFeeo+Z6kMWlCm mylSr42ZxSfTFp4A7Ufjco=</l atexit><latexit sha1_ base64="+15xNagihHC93836Eb MRHndyu7c=">AAACcHichVHNSs NAEP4a/2r9q3oRPFitinooUxEU T4IIHqu1VdBSkritoWkSk7RQS1 /AF+jBixVExMfw4gt46COINyt4 8eA0LYr/s+zO7LfzzXy7q1i65r hEdZ/U0dnV3ePvDfT1DwwOBYdH ko5ZsFWRUE3dtPcU2RG6ZoiEq7 m62LNsIecVXewqufXm+W5R2I5m GjtuyRKpvJw1tIymyi5DqY30Ym iufKBkQrnKfDoYjkbIs9B7QF+R MNoWM4NXOMAhTKgoIA8BAy7HOm Q4PPYRBcFiLIUyYzZHmncuUEGA uQXOEpwhM5rjNcu7/TZq8L5Z0/ HYKnfRedrMDGGG7umaGnRHN/RA r7/WKns1mlpK7JUWV1jpodOx+M u/rDx7F0cfrD81u8hgxdOqsXbL Q5q3UFv84km1EV/dninP0gU9sv 4a1emWb2AUn9XLLbF9hsCPH/AtS C5GohSJbi2F16bbX+HHOKYwx++ 9jDVsIoYE9z1GFeeo+Z6kMWlCm mylSr42ZxSfTFp4A7Ufjco=</l atexit><latexit sha1_ base64="+15xNagihHC93836Eb MRHndyu7c=">AAACcHichVHNSs NAEP4a/2r9q3oRPFitinooUxEU T4IIHqu1VdBSkritoWkSk7RQS1 /AF+jBixVExMfw4gt46COINyt4 8eA0LYr/s+zO7LfzzXy7q1i65r hEdZ/U0dnV3ePvDfT1DwwOBYdH ko5ZsFWRUE3dtPcU2RG6ZoiEq7 m62LNsIecVXewqufXm+W5R2I5m GjtuyRKpvJw1tIymyi5DqY30Ym iufKBkQrnKfDoYjkbIs9B7QF+R MNoWM4NXOMAhTKgoIA8BAy7HOm Q4PPYRBcFiLIUyYzZHmncuUEGA uQXOEpwhM5rjNcu7/TZq8L5Z0/ HYKnfRedrMDGGG7umaGnRHN/RA r7/WKns1mlpK7JUWV1jpodOx+M u/rDx7F0cfrD81u8hgxdOqsXbL Q5q3UFv84km1EV/dninP0gU9sv 4a1emWb2AUn9XLLbF9hsCPH/AtS C5GohSJbi2F16bbX+HHOKYwx++ 9jDVsIoYE9z1GFeeo+Z6kMWlCm mylSr42ZxSfTFp4A7Ufjco=</l atexit>
E1(k)
<latexit sha1_ base64="n6rJwln+t/pnmWrKAZ zpr/PDvBc=">AAACcHichVHNSs NAEP4a/2r9adVLwYPVqqiHMhFB 8VQQwWOrVgUtJYnbGpomMUkLWn wBX6AHLyqIiI/hxRfw0EcQbyp4 8eA0LYr/s+zO7LfzzXy7q9qG7n pE9YDU1t7R2RXsDvX09vWHIwOD G65VdjSR0SzDcrZUxRWGboqMp3 uG2LIdoZRUQ2yqxaXG+WZFOK5u mevegS2yJaVg6nldUzyGsss5OT ZV3VHzseLRdC4SlxPkW+w9oK9I HC1LWZFL7GAXFjSUUYKACY9jAw pcHtuQQbAZy6LKmMOR7p8LHCHE 3DJnCc5QGC3yWuDddgs1ed+o6f psjbsYPB1mxjBBd3RFT3RL13RP r7/Wqvo1GloO2KtNrrBz4ePo2s u/rBJ7D3sfrD81e8hjwdeqs3bb Rxq30Jr8ymHtaW1xdaI6Sef0wP rPqE43fAOz8qxdpMXqCUI/fsC3Y GM2IVNCTs/Fk+OtrwhiGGOY4ve eRxIrSCHDffdRwynOAo9SVBqRR pupUqDFGcInk2beALMVjck=</l atexit><latexit sha1_ base64="n6rJwln+t/pnmWrKAZ zpr/PDvBc=">AAACcHichVHNSs NAEP4a/2r9adVLwYPVqqiHMhFB 8VQQwWOrVgUtJYnbGpomMUkLWn wBX6AHLyqIiI/hxRfw0EcQbyp4 8eA0LYr/s+zO7LfzzXy7q9qG7n pE9YDU1t7R2RXsDvX09vWHIwOD G65VdjSR0SzDcrZUxRWGboqMp3 uG2LIdoZRUQ2yqxaXG+WZFOK5u mevegS2yJaVg6nldUzyGsss5OT ZV3VHzseLRdC4SlxPkW+w9oK9I HC1LWZFL7GAXFjSUUYKACY9jAw pcHtuQQbAZy6LKmMOR7p8LHCHE 3DJnCc5QGC3yWuDddgs1ed+o6f psjbsYPB1mxjBBd3RFT3RL13RP r7/Wqvo1GloO2KtNrrBz4ePo2s u/rBJ7D3sfrD81e8hjwdeqs3bb Rxq30Jr8ymHtaW1xdaI6Sef0wP rPqE43fAOz8qxdpMXqCUI/fsC3Y GM2IVNCTs/Fk+OtrwhiGGOY4ve eRxIrSCHDffdRwynOAo9SVBqRR pupUqDFGcInk2beALMVjck=</l atexit><latexit sha1_ base64="n6rJwln+t/pnmWrKAZ zpr/PDvBc=">AAACcHichVHNSs NAEP4a/2r9adVLwYPVqqiHMhFB 8VQQwWOrVgUtJYnbGpomMUkLWn wBX6AHLyqIiI/hxRfw0EcQbyp4 8eA0LYr/s+zO7LfzzXy7q9qG7n pE9YDU1t7R2RXsDvX09vWHIwOD G65VdjSR0SzDcrZUxRWGboqMp3 uG2LIdoZRUQ2yqxaXG+WZFOK5u mevegS2yJaVg6nldUzyGsss5OT ZV3VHzseLRdC4SlxPkW+w9oK9I HC1LWZFL7GAXFjSUUYKACY9jAw pcHtuQQbAZy6LKmMOR7p8LHCHE 3DJnCc5QGC3yWuDddgs1ed+o6f psjbsYPB1mxjBBd3RFT3RL13RP r7/Wqvo1GloO2KtNrrBz4ePo2s u/rBJ7D3sfrD81e8hjwdeqs3bb Rxq30Jr8ymHtaW1xdaI6Sef0wP rPqE43fAOz8qxdpMXqCUI/fsC3Y GM2IVNCTs/Fk+OtrwhiGGOY4ve eRxIrSCHDffdRwynOAo9SVBqRR pupUqDFGcInk2beALMVjck=</l atexit><latexit sha1_ base64="n6rJwln+t/pnmWrKAZ zpr/PDvBc=">AAACcHichVHNSs NAEP4a/2r9adVLwYPVqqiHMhFB 8VQQwWOrVgUtJYnbGpomMUkLWn wBX6AHLyqIiI/hxRfw0EcQbyp4 8eA0LYr/s+zO7LfzzXy7q9qG7n pE9YDU1t7R2RXsDvX09vWHIwOD G65VdjSR0SzDcrZUxRWGboqMp3 uG2LIdoZRUQ2yqxaXG+WZFOK5u mevegS2yJaVg6nldUzyGsss5OT ZV3VHzseLRdC4SlxPkW+w9oK9I HC1LWZFL7GAXFjSUUYKACY9jAw pcHtuQQbAZy6LKmMOR7p8LHCHE 3DJnCc5QGC3yWuDddgs1ed+o6f psjbsYPB1mxjBBd3RFT3RL13RP r7/Wqvo1GloO2KtNrrBz4ePo2s u/rBJ7D3sfrD81e8hjwdeqs3bb Rxq30Jr8ymHtaW1xdaI6Sef0wP rPqE43fAOz8qxdpMXqCUI/fsC3Y GM2IVNCTs/Fk+OtrwhiGGOY4ve eRxIrSCHDffdRwynOAo9SVBqRR pupUqDFGcInk2beALMVjck=</l atexit>
-1 -1 0 
1 
kx
<latexit sha1_ base64="v3SV2oNHAdOslUs+nH q4JFtkODA=">AAACZnichVHLSs NAFD2N76ptVUTBTbFWXJUbERRX BTcu1VpbqKUkcVpD0yQkaVGLPy C4tQtXCiLiZ7jxB1z4B4pLBTcu vE0DokW9w8ycOXPPnTMzqm3ork f0GJJ6evv6BwaHwsMjo5FobGx8 x7XqjiaymmVYTl5VXGHopsh6um eIvO0IpaYaIqdW19r7uYZwXN0y t71DWxRrSsXUy7qmeExlqqWDUi xBKfIj3g3kACQQxIYVu8Yu9mBB Qx01CJjwGBtQ4HIrQAbBZq6IJn MOI93fFzhGmLV1zhKcoTBb5bHC q0LAmrxu13R9tcanGNwdVsaRpA e6oVe6p1t6po9fazX9Gm0vhzyr Ha2wS9GT6cz7v6oazx72v1R/ev ZQxorvVWfvts+0b6F19I2j1mtm dSvZnKdLemH/F/RId3wDs/GmXW 2KrXOE+QPkn8/dDXYWUzKl5M2lR Hou+IpBzGAWC/zey0hjHRvI8rk VnOIMrdCTFJEmpalOqhQKNBP4F lL8E81birg=</latexit><latexit sha1_ base64="v3SV2oNHAdOslUs+nH q4JFtkODA=">AAACZnichVHLSs NAFD2N76ptVUTBTbFWXJUbERRX BTcu1VpbqKUkcVpD0yQkaVGLPy C4tQtXCiLiZ7jxB1z4B4pLBTcu vE0DokW9w8ycOXPPnTMzqm3ork f0GJJ6evv6BwaHwsMjo5FobGx8 x7XqjiaymmVYTl5VXGHopsh6um eIvO0IpaYaIqdW19r7uYZwXN0y t71DWxRrSsXUy7qmeExlqqWDUi xBKfIj3g3kACQQxIYVu8Yu9mBB Qx01CJjwGBtQ4HIrQAbBZq6IJn MOI93fFzhGmLV1zhKcoTBb5bHC q0LAmrxu13R9tcanGNwdVsaRpA e6oVe6p1t6po9fazX9Gm0vhzyr Ha2wS9GT6cz7v6oazx72v1R/ev ZQxorvVWfvts+0b6F19I2j1mtm dSvZnKdLemH/F/RId3wDs/GmXW 2KrXOE+QPkn8/dDXYWUzKl5M2lR Hou+IpBzGAWC/zey0hjHRvI8rk VnOIMrdCTFJEmpalOqhQKNBP4F lL8E81birg=</latexit><latexit sha1_ base64="v3SV2oNHAdOslUs+nH q4JFtkODA=">AAACZnichVHLSs NAFD2N76ptVUTBTbFWXJUbERRX BTcu1VpbqKUkcVpD0yQkaVGLPy C4tQtXCiLiZ7jxB1z4B4pLBTcu vE0DokW9w8ycOXPPnTMzqm3ork f0GJJ6evv6BwaHwsMjo5FobGx8 x7XqjiaymmVYTl5VXGHopsh6um eIvO0IpaYaIqdW19r7uYZwXN0y t71DWxRrSsXUy7qmeExlqqWDUi xBKfIj3g3kACQQxIYVu8Yu9mBB Qx01CJjwGBtQ4HIrQAbBZq6IJn MOI93fFzhGmLV1zhKcoTBb5bHC q0LAmrxu13R9tcanGNwdVsaRpA e6oVe6p1t6po9fazX9Gm0vhzyr Ha2wS9GT6cz7v6oazx72v1R/ev ZQxorvVWfvts+0b6F19I2j1mtm dSvZnKdLemH/F/RId3wDs/GmXW 2KrXOE+QPkn8/dDXYWUzKl5M2lR Hou+IpBzGAWC/zey0hjHRvI8rk VnOIMrdCTFJEmpalOqhQKNBP4F lL8E81birg=</latexit><latexit sha1_ base64="v3SV2oNHAdOslUs+nH q4JFtkODA=">AAACZnichVHLSs NAFD2N76ptVUTBTbFWXJUbERRX BTcu1VpbqKUkcVpD0yQkaVGLPy C4tQtXCiLiZ7jxB1z4B4pLBTcu vE0DokW9w8ycOXPPnTMzqm3ork f0GJJ6evv6BwaHwsMjo5FobGx8 x7XqjiaymmVYTl5VXGHopsh6um eIvO0IpaYaIqdW19r7uYZwXN0y t71DWxRrSsXUy7qmeExlqqWDUi xBKfIj3g3kACQQxIYVu8Yu9mBB Qx01CJjwGBtQ4HIrQAbBZq6IJn MOI93fFzhGmLV1zhKcoTBb5bHC q0LAmrxu13R9tcanGNwdVsaRpA e6oVe6p1t6po9fazX9Gm0vhzyr Ha2wS9GT6cz7v6oazx72v1R/ev ZQxorvVWfvts+0b6F19I2j1mtm dSvZnKdLemH/F/RId3wDs/GmXW 2KrXOE+QPkn8/dDXYWUzKl5M2lR Hou+IpBzGAWC/zey0hjHRvI8rk VnOIMrdCTFJEmpalOqhQKNBP4F lL8E81birg=</latexit>
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(2⇡/a)
<latexit sha1_base64="W5uln EyyrK1ggVt9BbtYJNGe784=">AAACeXichVHLLgRBFD3T3uM1Hgu JTTNMhsW4jYRYSWwsvQaJkUl3K1Smp7vT3TPBxA/4AQsbJCL4DBs /YOETxJLEgoU7PZ0IglupqlOn7rl1qspwLekHRA8xpa6+obGpuSX e2tbe0Zno6l71nZJniqzpWI63bui+sKQtsoEMLLHuekIvGpZYMwp z1f21svB86dgrwb4rNov6ji23pakHTOUTvalCfk/N5eLp8ZwrVTW ljukj+USSMhSG+hNoEUgiigUncYkctuDARAlFCNgIGFvQ4XPbgAa Cy9wmKsx5jGS4L3CIOGtLnCU4Q2e2wOMOrzYi1uZ1taYfqk0+xeL usVLFMN3TFT3THd3QI73/WqsS1qh62efZqGmFm+886lt+/VdV5Dn A7qfqT88BtjEdepXs3Q2Z6i3Mmr58cPy8PLM0XEnROT2x/zN6oFu +gV1+MS8WxdIJ4vwB2vfn/glWxzMaZbTFyeTsUPQVzejHINL83lOY xTwWkOVzD3CKK1zH3pQBJa2M1lKVWKTpwZdQJj4AsWSPaQ==</la texit><latexit sha1_base64="W5uln EyyrK1ggVt9BbtYJNGe784=">AAACeXichVHLLgRBFD3T3uM1Hgu JTTNMhsW4jYRYSWwsvQaJkUl3K1Smp7vT3TPBxA/4AQsbJCL4DBs /YOETxJLEgoU7PZ0IglupqlOn7rl1qspwLekHRA8xpa6+obGpuSX e2tbe0Zno6l71nZJniqzpWI63bui+sKQtsoEMLLHuekIvGpZYMwp z1f21svB86dgrwb4rNov6ji23pakHTOUTvalCfk/N5eLp8ZwrVTW ljukj+USSMhSG+hNoEUgiigUncYkctuDARAlFCNgIGFvQ4XPbgAa Cy9wmKsx5jGS4L3CIOGtLnCU4Q2e2wOMOrzYi1uZ1taYfqk0+xeL usVLFMN3TFT3THd3QI73/WqsS1qh62efZqGmFm+886lt+/VdV5Dn A7qfqT88BtjEdepXs3Q2Z6i3Mmr58cPy8PLM0XEnROT2x/zN6oFu +gV1+MS8WxdIJ4vwB2vfn/glWxzMaZbTFyeTsUPQVzejHINL83lOY xTwWkOVzD3CKK1zH3pQBJa2M1lKVWKTpwZdQJj4AsWSPaQ==</la texit><latexit sha1_base64="W5uln EyyrK1ggVt9BbtYJNGe784=">AAACeXichVHLLgRBFD3T3uM1Hgu JTTNMhsW4jYRYSWwsvQaJkUl3K1Smp7vT3TPBxA/4AQsbJCL4DBs /YOETxJLEgoU7PZ0IglupqlOn7rl1qspwLekHRA8xpa6+obGpuSX e2tbe0Zno6l71nZJniqzpWI63bui+sKQtsoEMLLHuekIvGpZYMwp z1f21svB86dgrwb4rNov6ji23pakHTOUTvalCfk/N5eLp8ZwrVTW ljukj+USSMhSG+hNoEUgiigUncYkctuDARAlFCNgIGFvQ4XPbgAa Cy9wmKsx5jGS4L3CIOGtLnCU4Q2e2wOMOrzYi1uZ1taYfqk0+xeL usVLFMN3TFT3THd3QI73/WqsS1qh62efZqGmFm+886lt+/VdV5Dn A7qfqT88BtjEdepXs3Q2Z6i3Mmr58cPy8PLM0XEnROT2x/zN6oFu +gV1+MS8WxdIJ4vwB2vfn/glWxzMaZbTFyeTsUPQVzejHINL83lOY xTwWkOVzD3CKK1zH3pQBJa2M1lKVWKTpwZdQJj4AsWSPaQ==</la texit><latexit sha1_base64="W5uln EyyrK1ggVt9BbtYJNGe784=">AAACeXichVHLLgRBFD3T3uM1Hgu JTTNMhsW4jYRYSWwsvQaJkUl3K1Smp7vT3TPBxA/4AQsbJCL4DBs /YOETxJLEgoU7PZ0IglupqlOn7rl1qspwLekHRA8xpa6+obGpuSX e2tbe0Zno6l71nZJniqzpWI63bui+sKQtsoEMLLHuekIvGpZYMwp z1f21svB86dgrwb4rNov6ji23pakHTOUTvalCfk/N5eLp8ZwrVTW ljukj+USSMhSG+hNoEUgiigUncYkctuDARAlFCNgIGFvQ4XPbgAa Cy9wmKsx5jGS4L3CIOGtLnCU4Q2e2wOMOrzYi1uZ1taYfqk0+xeL usVLFMN3TFT3THd3QI73/WqsS1qh62efZqGmFm+886lt+/VdV5Dn A7qfqT88BtjEdepXs3Q2Z6i3Mmr58cPy8PLM0XEnROT2x/zN6oFu +gV1+MS8WxdIJ4vwB2vfn/glWxzMaZbTFyeTsUPQVzejHINL83lOY xTwWkOVzD3CKK1zH3pQBJa2M1lKVWKTpwZdQJj4AsWSPaQ==</la texit>
kx
(2⇡/a)
<latexit sha1_base64="W5uln EyyrK1ggVt9BbtYJNGe784=">AAACeXichVHLLgRBFD3T3uM1Hgu JTTNMhsW4jYRYSWwsvQaJkUl3K1Smp7vT3TPBxA/4AQsbJCL4DBs /YOETxJLEgoU7PZ0IglupqlOn7rl1qspwLekHRA8xpa6+obGpuSX e2tbe0Zno6l71nZJniqzpWI63bui+sKQtsoEMLLHuekIvGpZYMwp z1f21svB86dgrwb4rNov6ji23pakHTOUTvalCfk/N5eLp8ZwrVTW ljukj+USSMhSG+hNoEUgiigUncYkctuDARAlFCNgIGFvQ4XPbgAa Cy9wmKsx5jGS4L3CIOGtLnCU4Q2e2wOMOrzYi1uZ1taYfqk0+xeL usVLFMN3TFT3THd3QI73/WqsS1qh62efZqGmFm+886lt+/VdV5Dn A7qfqT88BtjEdepXs3Q2Z6i3Mmr58cPy8PLM0XEnROT2x/zN6oFu +gV1+MS8WxdIJ4vwB2vfn/glWxzMaZbTFyeTsUPQVzejHINL83lOY xTwWkOVzD3CKK1zH3pQBJa2M1lKVWKTpwZdQJj4AsWSPaQ==</la texit><latexit sha1_base64="W5uln EyyrK1ggVt9BbtYJNGe784=">AAACeXichVHLLgRBFD3T3uM1Hgu JTTNMhsW4jYRYSWwsvQaJkUl3K1Smp7vT3TPBxA/4AQsbJCL4DBs /YOETxJLEgoU7PZ0IglupqlOn7rl1qspwLekHRA8xpa6+obGpuSX e2tbe0Zno6l71nZJniqzpWI63bui+sKQtsoEMLLHuekIvGpZYMwp z1f21svB86dgrwb4rNov6ji23pakHTOUTvalCfk/N5eLp8ZwrVTW ljukj+USSMhSG+hNoEUgiigUncYkctuDARAlFCNgIGFvQ4XPbgAa Cy9wmKsx5jGS4L3CIOGtLnCU4Q2e2wOMOrzYi1uZ1taYfqk0+xeL usVLFMN3TFT3THd3QI73/WqsS1qh62efZqGmFm+886lt+/VdV5Dn A7qfqT88BtjEdepXs3Q2Z6i3Mmr58cPy8PLM0XEnROT2x/zN6oFu +gV1+MS8WxdIJ4vwB2vfn/glWxzMaZbTFyeTsUPQVzejHINL83lOY xTwWkOVzD3CKK1zH3pQBJa2M1lKVWKTpwZdQJj4AsWSPaQ==</la texit><latexit sha1_base64="W5uln EyyrK1ggVt9BbtYJNGe784=">AAACeXichVHLLgRBFD3T3uM1Hgu JTTNMhsW4jYRYSWwsvQaJkUl3K1Smp7vT3TPBxA/4AQsbJCL4DBs /YOETxJLEgoU7PZ0IglupqlOn7rl1qspwLekHRA8xpa6+obGpuSX e2tbe0Zno6l71nZJniqzpWI63bui+sKQtsoEMLLHuekIvGpZYMwp z1f21svB86dgrwb4rNov6ji23pakHTOUTvalCfk/N5eLp8ZwrVTW ljukj+USSMhSG+hNoEUgiigUncYkctuDARAlFCNgIGFvQ4XPbgAa Cy9wmKsx5jGS4L3CIOGtLnCU4Q2e2wOMOrzYi1uZ1taYfqk0+xeL usVLFMN3TFT3THd3QI73/WqsS1qh62efZqGmFm+886lt+/VdV5Dn A7qfqT88BtjEdepXs3Q2Z6i3Mmr58cPy8PLM0XEnROT2x/zN6oFu +gV1+MS8WxdIJ4vwB2vfn/glWxzMaZbTFyeTsUPQVzejHINL83lOY xTwWkOVzD3CKK1zH3pQBJa2M1lKVWKTpwZdQJj4AsWSPaQ==</la texit><latexit sha1_base64="W5uln EyyrK1ggVt9BbtYJNGe784=">AAACeXichVHLLgRBFD3T3uM1Hgu JTTNMhsW4jYRYSWwsvQaJkUl3K1Smp7vT3TPBxA/4AQsbJCL4DBs /YOETxJLEgoU7PZ0IglupqlOn7rl1qspwLekHRA8xpa6+obGpuSX e2tbe0Zno6l71nZJniqzpWI63bui+sKQtsoEMLLHuekIvGpZYMwp z1f21svB86dgrwb4rNov6ji23pakHTOUTvalCfk/N5eLp8ZwrVTW ljukj+USSMhSG+hNoEUgiigUncYkctuDARAlFCNgIGFvQ4XPbgAa Cy9wmKsx5jGS4L3CIOGtLnCU4Q2e2wOMOrzYi1uZ1taYfqk0+xeL usVLFMN3TFT3THd3QI73/WqsS1qh62efZqGmFm+886lt+/VdV5Dn A7qfqT88BtjEdepXs3Q2Z6i3Mmr58cPy8PLM0XEnROT2x/zN6oFu +gV1+MS8WxdIJ4vwB2vfn/glWxzMaZbTFyeTsUPQVzejHINL83lOY xTwWkOVzD3CKK1zH3pQBJa2M1lKVWKTpwZdQJj4AsWSPaQ==</la texit>
(a) (b) 
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ky = 0
<latexit sha1_ base64="5J8c4HfsRWOcJzwtjU TteNr3dm0=">AAACaHichVHLSs NAFD2N7/qqulBxI1bFVbkRQRGE ghuX9ZEqqJQkjjo0TUKSFmrxB9 y4VHGlICJ+hht/wEU/QV0quHHh TRoQFfUOM3PmzD13zswYriX9gK ieUJqaW1rb2juSnV3dPb2pvv68 75Q9U2imYznehqH7wpK20AIZWG LD9YReMiyxbhQXw/31ivB86dhr QdUV2yV9z5a70tQDprRiobpAhV SaMhTF6E+gxiCNOHJO6hpb2IED E2WUIGAjYGxBh89tEyoILnPbqD HnMZLRvsAhkqwtc5bgDJ3ZIo97 vNqMWZvXYU0/Upt8isXdY+UoJu iBbuiF7umWHun911q1qEbopcqz 0dAKt9B7NLT69q+qxHOA/U/Vn5 4D7GIu8irZuxsx4S3Mhr5ycPKy Or8yUZukS3pm/xdUpzu+gV15Na +Wxco5kvwB6vfn/gny0xmVMuryT Do7Hn9FO0Ywhil+71lksYQcND5 X4hinOEs8KSllUBlupCqJWDOAL 6GMfQD294s6</latexit><latexit sha1_ base64="5J8c4HfsRWOcJzwtjU TteNr3dm0=">AAACaHichVHLSs NAFD2N7/qqulBxI1bFVbkRQRGE ghuX9ZEqqJQkjjo0TUKSFmrxB9 y4VHGlICJ+hht/wEU/QV0quHHh TRoQFfUOM3PmzD13zswYriX9gK ieUJqaW1rb2juSnV3dPb2pvv68 75Q9U2imYznehqH7wpK20AIZWG LD9YReMiyxbhQXw/31ivB86dhr QdUV2yV9z5a70tQDprRiobpAhV SaMhTF6E+gxiCNOHJO6hpb2IED E2WUIGAjYGxBh89tEyoILnPbqD HnMZLRvsAhkqwtc5bgDJ3ZIo97 vNqMWZvXYU0/Upt8isXdY+UoJu iBbuiF7umWHun911q1qEbopcqz 0dAKt9B7NLT69q+qxHOA/U/Vn5 4D7GIu8irZuxsx4S3Mhr5ycPKy Or8yUZukS3pm/xdUpzu+gV15Na +Wxco5kvwB6vfn/gny0xmVMuryT Do7Hn9FO0Ywhil+71lksYQcND5 X4hinOEs8KSllUBlupCqJWDOAL 6GMfQD294s6</latexit><latexit sha1_ base64="5J8c4HfsRWOcJzwtjU TteNr3dm0=">AAACaHichVHLSs NAFD2N7/qqulBxI1bFVbkRQRGE ghuX9ZEqqJQkjjo0TUKSFmrxB9 y4VHGlICJ+hht/wEU/QV0quHHh TRoQFfUOM3PmzD13zswYriX9gK ieUJqaW1rb2juSnV3dPb2pvv68 75Q9U2imYznehqH7wpK20AIZWG LD9YReMiyxbhQXw/31ivB86dhr QdUV2yV9z5a70tQDprRiobpAhV SaMhTF6E+gxiCNOHJO6hpb2IED E2WUIGAjYGxBh89tEyoILnPbqD HnMZLRvsAhkqwtc5bgDJ3ZIo97 vNqMWZvXYU0/Upt8isXdY+UoJu iBbuiF7umWHun911q1qEbopcqz 0dAKt9B7NLT69q+qxHOA/U/Vn5 4D7GIu8irZuxsx4S3Mhr5ycPKy Or8yUZukS3pm/xdUpzu+gV15Na +Wxco5kvwB6vfn/gny0xmVMuryT Do7Hn9FO0Ywhil+71lksYQcND5 X4hinOEs8KSllUBlupCqJWDOAL 6GMfQD294s6</latexit><latexit sha1_ base64="5J8c4HfsRWOcJzwtjU TteNr3dm0=">AAACaHichVHLSs NAFD2N7/qqulBxI1bFVbkRQRGE ghuX9ZEqqJQkjjo0TUKSFmrxB9 y4VHGlICJ+hht/wEU/QV0quHHh TRoQFfUOM3PmzD13zswYriX9gK ieUJqaW1rb2juSnV3dPb2pvv68 75Q9U2imYznehqH7wpK20AIZWG LD9YReMiyxbhQXw/31ivB86dhr QdUV2yV9z5a70tQDprRiobpAhV SaMhTF6E+gxiCNOHJO6hpb2IED E2WUIGAjYGxBh89tEyoILnPbqD HnMZLRvsAhkqwtc5bgDJ3ZIo97 vNqMWZvXYU0/Upt8isXdY+UoJu iBbuiF7umWHun911q1qEbopcqz 0dAKt9B7NLT69q+qxHOA/U/Vn5 4D7GIu8irZuxsx4S3Mhr5ycPKy Or8yUZukS3pm/xdUpzu+gV15Na +Wxco5kvwB6vfn/gny0xmVMuryT Do7Hn9FO0Ywhil+71lksYQcND5 X4hinOEs8KSllUBlupCqJWDOAL 6GMfQD294s6</latexit>
ky = 0
<latexit sha1_base64="5J8c4 HfsRWOcJzwtjUTteNr3dm0=">AAACaHichVHLSsNAFD2N7/qqulB xI1bFVbkRQRGEghuX9ZEqqJQkjjo0TUKSFmrxB9y4VHGlICJ+hht /wEU/QV0quHHhTRoQFfUOM3PmzD13zswYriX9gKieUJqaW1rb2ju SnV3dPb2pvv6875Q9U2imYznehqH7wpK20AIZWGLD9YReMiyxbhQ Xw/31ivB86dhrQdUV2yV9z5a70tQDprRiobpAhVSaMhTF6E+gxiC NOHJO6hpb2IEDE2WUIGAjYGxBh89tEyoILnPbqDHnMZLRvsAhkqw tc5bgDJ3ZIo97vNqMWZvXYU0/Upt8isXdY+UoJuiBbuiF7umWHun 911q1qEbopcqz0dAKt9B7NLT69q+qxHOA/U/Vn54D7GIu8irZuxs x4S3Mhr5ycPKyOr8yUZukS3pm/xdUpzu+gV15Na+Wxco5kvwB6vf n/gny0xmVMuryTDo7Hn9FO0Ywhil+71lksYQcND5X4hinOEs8KSll UBlupCqJWDOAL6GMfQD294s6</latexit><latexit sha1_base64="5J8c4 HfsRWOcJzwtjUTteNr3dm0=">AAACaHichVHLSsNAFD2N7/qqulB xI1bFVbkRQRGEghuX9ZEqqJQkjjo0TUKSFmrxB9y4VHGlICJ+hht /wEU/QV0quHHhTRoQFfUOM3PmzD13zswYriX9gKieUJqaW1rb2ju SnV3dPb2pvv6875Q9U2imYznehqH7wpK20AIZWGLD9YReMiyxbhQ Xw/31ivB86dhrQdUV2yV9z5a70tQDprRiobpAhVSaMhTF6E+gxiC NOHJO6hpb2IEDE2WUIGAjYGxBh89tEyoILnPbqDHnMZLRvsAhkqw tc5bgDJ3ZIo97vNqMWZvXYU0/Upt8isXdY+UoJuiBbuiF7umWHun 911q1qEbopcqz0dAKt9B7NLT69q+qxHOA/U/Vn54D7GIu8irZuxs x4S3Mhr5ycPKyOr8yUZukS3pm/xdUpzu+gV15Na+Wxco5kvwB6vf n/gny0xmVMuryTDo7Hn9FO0Ywhil+71lksYQcND5X4hinOEs8KSll UBlupCqJWDOAL6GMfQD294s6</latexit><latexit sha1_base64="5J8c4 HfsRWOcJzwtjUTteNr3dm0=">AAACaHichVHLSsNAFD2N7/qqulB xI1bFVbkRQRGEghuX9ZEqqJQkjjo0TUKSFmrxB9y4VHGlICJ+hht /wEU/QV0quHHhTRoQFfUOM3PmzD13zswYriX9gKieUJqaW1rb2ju SnV3dPb2pvv6875Q9U2imYznehqH7wpK20AIZWGLD9YReMiyxbhQ Xw/31ivB86dhrQdUV2yV9z5a70tQDprRiobpAhVSaMhTF6E+gxiC NOHJO6hpb2IEDE2WUIGAjYGxBh89tEyoILnPbqDHnMZLRvsAhkqw tc5bgDJ3ZIo97vNqMWZvXYU0/Upt8isXdY+UoJuiBbuiF7umWHun 911q1qEbopcqz0dAKt9B7NLT69q+qxHOA/U/Vn54D7GIu8irZuxs x4S3Mhr5ycPKyOr8yUZukS3pm/xdUpzu+gV15Na+Wxco5kvwB6vf n/gny0xmVMuryTDo7Hn9FO0Ywhil+71lksYQcND5X4hinOEs8KSll UBlupCqJWDOAL6GMfQD294s6</latexit><latexit sha1_base64="5J8c4 HfsRWOcJzwtjUTteNr3dm0=">AAACaHichVHLSsNAFD2N7/qqulB xI1bFVbkRQRGEghuX9ZEqqJQkjjo0TUKSFmrxB9y4VHGlICJ+hht /wEU/QV0quHHhTRoQFfUOM3PmzD13zswYriX9gKieUJqaW1rb2ju SnV3dPb2pvv6875Q9U2imYznehqH7wpK20AIZWGLD9YReMiyxbhQ Xw/31ivB86dhrQdUV2yV9z5a70tQDprRiobpAhVSaMhTF6E+gxiC NOHJO6hpb2IEDE2WUIGAjYGxBh89tEyoILnPbqDHnMZLRvsAhkqw tc5bgDJ3ZIo97vNqMWZvXYU0/Upt8isXdY+UoJuiBbuiF7umWHun 911q1qEbopcqz0dAKt9B7NLT69q+qxHOA/U/Vn54D7GIu8irZuxs x4S3Mhr5ycPKyOr8yUZukS3pm/xdUpzu+gV15Na+Wxco5kvwB6vf n/gny0xmVMuryTDo7Hn9FO0Ywhil+71lksYQcND5X4hinOEs8KSll UBlupCqJWDOAL6GMfQD294s6</latexit>
kz (2⇡/c)
<latexi t sha1_base64 ="EmIBwtpqeVZ MVr1SvNcFngOL BSU=">AAACcXi chVHLSgMxFD0d 3/VVdaO4GVoVR ah3RFBcCW5c+m oVrJaZMdXQeTE zLWjxB/wBBVcK IuJnuPEHXPgJ4 rKCGxfeTgdERb 0hycnJPTcnieF ZMgiJnhJKS2tb e0dnV7K7p7evP zUwmA/cim+KnO larr9t6IGwpCN yoQwtse35QrcN S2wZ5eXG/lZV+ IF0nc3wyBO7tn7 gyJI09ZCpvXLx WC2ok7MFT86YU 8VUhrIUhfoTaD HIII5VN3WDAvb hwkQFNgQchIwt 6Ai47UADwWNuF zXmfEYy2hc4QZ K1Fc4SnKEzW+b xgFc7MevwulEz iNQmn2Jx91mpY pwe6Zbq9EB39E zvv9aqRTUaXo5 4Nppa4RX7T4c3 3v5V2TyHOPxU/ ek5RAkLkVfJ3r 2IadzCbOqrx2f 1jcX18doEXdEL +7+kJ7rnGzjVV /N6TaxfIMkfoH 1/7p8gP5vVKKu tzWWWxuKv6MQo 0pjk957HElawi hyf6+Mcl7hK1J URRVXSzVQlEWu G8CWU6Q9UwY4O </latexit><latexi t sha1_base64 ="EmIBwtpqeVZ MVr1SvNcFngOL BSU=">AAACcXi chVHLSgMxFD0d 3/VVdaO4GVoVR ah3RFBcCW5c+m oVrJaZMdXQeTE zLWjxB/wBBVcK IuJnuPEHXPgJ4 rKCGxfeTgdERb 0hycnJPTcnieF ZMgiJnhJKS2tb e0dnV7K7p7evP zUwmA/cim+KnO larr9t6IGwpCN yoQwtse35QrcN S2wZ5eXG/lZV+ IF0nc3wyBO7tn7 gyJI09ZCpvXLx WC2ok7MFT86YU 8VUhrIUhfoTaD HIII5VN3WDAvb hwkQFNgQchIwt 6Ai47UADwWNuF zXmfEYy2hc4QZ K1Fc4SnKEzW+b xgFc7MevwulEz iNQmn2Jx91mpY pwe6Zbq9EB39E zvv9aqRTUaXo5 4Nppa4RX7T4c3 3v5V2TyHOPxU/ ek5RAkLkVfJ3r 2IadzCbOqrx2f 1jcX18doEXdEL +7+kJ7rnGzjVV /N6TaxfIMkfoH 1/7p8gP5vVKKu tzWWWxuKv6MQo 0pjk957HElawi hyf6+Mcl7hK1J URRVXSzVQlEWu G8CWU6Q9UwY4O </latexit><latexi t sha1_base64 ="EmIBwtpqeVZ MVr1SvNcFngOL BSU=">AAACcXi chVHLSgMxFD0d 3/VVdaO4GVoVR ah3RFBcCW5c+m oVrJaZMdXQeTE zLWjxB/wBBVcK IuJnuPEHXPgJ4 rKCGxfeTgdERb 0hycnJPTcnieF ZMgiJnhJKS2tb e0dnV7K7p7evP zUwmA/cim+KnO larr9t6IGwpCN yoQwtse35QrcN S2wZ5eXG/lZV+ IF0nc3wyBO7tn7 gyJI09ZCpvXLx WC2ok7MFT86YU 8VUhrIUhfoTaD HIII5VN3WDAvb hwkQFNgQchIwt 6Ai47UADwWNuF zXmfEYy2hc4QZ K1Fc4SnKEzW+b xgFc7MevwulEz iNQmn2Jx91mpY pwe6Zbq9EB39E zvv9aqRTUaXo5 4Nppa4RX7T4c3 3v5V2TyHOPxU/ ek5RAkLkVfJ3r 2IadzCbOqrx2f 1jcX18doEXdEL +7+kJ7rnGzjVV /N6TaxfIMkfoH 1/7p8gP5vVKKu tzWWWxuKv6MQo 0pjk957HElawi hyf6+Mcl7hK1J URRVXSzVQlEWu G8CWU6Q9UwY4O </latexit><latexi t sha1_base64 ="EmIBwtpqeVZ MVr1SvNcFngOL BSU=">AAACcXi chVHLSgMxFD0d 3/VVdaO4GVoVR ah3RFBcCW5c+m oVrJaZMdXQeTE zLWjxB/wBBVcK IuJnuPEHXPgJ4 rKCGxfeTgdERb 0hycnJPTcnieF ZMgiJnhJKS2tb e0dnV7K7p7evP zUwmA/cim+KnO larr9t6IGwpCN yoQwtse35QrcN S2wZ5eXG/lZV+ IF0nc3wyBO7tn7 gyJI09ZCpvXLx WC2ok7MFT86YU 8VUhrIUhfoTaD HIII5VN3WDAvb hwkQFNgQchIwt 6Ai47UADwWNuF zXmfEYy2hc4QZ K1Fc4SnKEzW+b xgFc7MevwulEz iNQmn2Jx91mpY pwe6Zbq9EB39E zvv9aqRTUaXo5 4Nppa4RX7T4c3 3v5V2TyHOPxU/ ek5RAkLkVfJ3r 2IadzCbOqrx2f 1jcX18doEXdEL +7+kJ7rnGzjVV /N6TaxfIMkfoH 1/7p8gP5vVKKu tzWWWxuKv6MQo 0pjk957HElawi hyf6+Mcl7hK1J URRVXSzVQlEWu G8CWU6Q9UwY4O </latexit>
kz (2⇡/c)
<latexit sha1_ base64="EmIBwtpqeVZMVr1SvN cFngOLBSU=">AAACcXichVHLSg MxFD0d3/VVdaO4GVoVRah3RFBc CW5c+moVrJaZMdXQeTEzLWjxB/ wBBVcKIuJnuPEHXPgJ4rKCGxfe TgdERb0hycnJPTcnieFZMgiJnh JKS2tbe0dnV7K7p7evPzUwmA/c im+KnOlarr9t6IGwpCNyoQwtse 35QrcNS2wZ5eXG/lZV+IF0nc3w yBO7tn7gyJI09ZCpvXLxWC2ok7 MFT86YU8VUhrIUhfoTaDHIII5V N3WDAvbhwkQFNgQchIwt6Ai47U ADwWNuFzXmfEYy2hc4QZK1Fc4S nKEzW+bxgFc7MevwulEziNQmn2 Jx91mpYpwe6Zbq9EB39Ezvv9aq RTUaXo54Nppa4RX7T4c33v5V2T yHOPxU/ek5RAkLkVfJ3r2IadzC bOqrx2f1jcX18doEXdEL+7+kJ7 rnGzjVV/N6TaxfIMkfoH1/7p8gP 5vVKKutzWWWxuKv6MQo0pjk957 HElawihyf6+Mcl7hK1JURRVXSz VQlEWuG8CWU6Q9UwY4O</latex it><latexit sha1_ base64="EmIBwtpqeVZMVr1SvN cFngOLBSU=">AAACcXichVHLSg MxFD0d3/VVdaO4GVoVRah3RFBc CW5c+moVrJaZMdXQeTEzLWjxB/ wBBVcKIuJnuPEHXPgJ4rKCGxfe TgdERb0hycnJPTcnieFZMgiJnh JKS2tbe0dnV7K7p7evPzUwmA/c im+KnOlarr9t6IGwpCNyoQwtse 35QrcNS2wZ5eXG/lZV+IF0nc3w yBO7tn7gyJI09ZCpvXLxWC2ok7 MFT86YU8VUhrIUhfoTaDHIII5V N3WDAvbhwkQFNgQchIwt6Ai47U ADwWNuFzXmfEYy2hc4QZK1Fc4S nKEzW+bxgFc7MevwulEziNQmn2 Jx91mpYpwe6Zbq9EB39Ezvv9aq RTUaXo54Nppa4RX7T4c33v5V2T yHOPxU/ek5RAkLkVfJ3r2IadzC bOqrx2f1jcX18doEXdEL+7+kJ7 rnGzjVV/N6TaxfIMkfoH1/7p8gP 5vVKKutzWWWxuKv6MQo0pjk957 HElawihyf6+Mcl7hK1JURRVXSz VQlEWuG8CWU6Q9UwY4O</latex it><latexit sha1_ base64="EmIBwtpqeVZMVr1SvN cFngOLBSU=">AAACcXichVHLSg MxFD0d3/VVdaO4GVoVRah3RFBc CW5c+moVrJaZMdXQeTEzLWjxB/ wBBVcKIuJnuPEHXPgJ4rKCGxfe TgdERb0hycnJPTcnieFZMgiJnh JKS2tbe0dnV7K7p7evPzUwmA/c im+KnOlarr9t6IGwpCNyoQwtse 35QrcNS2wZ5eXG/lZV+IF0nc3w yBO7tn7gyJI09ZCpvXLxWC2ok7 MFT86YU8VUhrIUhfoTaDHIII5V N3WDAvbhwkQFNgQchIwt6Ai47U ADwWNuFzXmfEYy2hc4QZK1Fc4S nKEzW+bxgFc7MevwulEziNQmn2 Jx91mpYpwe6Zbq9EB39Ezvv9aq RTUaXo54Nppa4RX7T4c33v5V2T yHOPxU/ek5RAkLkVfJ3r2IadzC bOqrx2f1jcX18doEXdEL+7+kJ7 rnGzjVV/N6TaxfIMkfoH1/7p8gP 5vVKKutzWWWxuKv6MQo0pjk957 HElawihyf6+Mcl7hK1JURRVXSz VQlEWuG8CWU6Q9UwY4O</latex it><latexit sha1_ base64="EmIBwtpqeVZMVr1SvN cFngOLBSU=">AAACcXichVHLSg MxFD0d3/VVdaO4GVoVRah3RFBc CW5c+moVrJaZMdXQeTEzLWjxB/ wBBVcKIuJnuPEHXPgJ4rKCGxfe TgdERb0hycnJPTcnieFZMgiJnh JKS2tbe0dnV7K7p7evPzUwmA/c im+KnOlarr9t6IGwpCNyoQwtse 35QrcNS2wZ5eXG/lZV+IF0nc3w yBO7tn7gyJI09ZCpvXLxWC2ok7 MFT86YU8VUhrIUhfoTaDHIII5V N3WDAvbhwkQFNgQchIwt6Ai47U ADwWNuFzXmfEYy2hc4QZK1Fc4S nKEzW+bxgFc7MevwulEziNQmn2 Jx91mpYpwe6Zbq9EB39Ezvv9aq RTUaXo54Nppa4RX7T4c33v5V2T yHOPxU/ek5RAkLkVfJ3r2IadzC bOqrx2f1jcX18doEXdEL+7+kJ7 rnGzjVV/N6TaxfIMkfoH1/7p8gP 5vVKKutzWWWxuKv6MQo0pjk957 HElawihyf6+Mcl7hK1JURRVXSz VQlEWuG8CWU6Q9UwY4O</latex it>
kx
(2⇡/a)
<latexit sha1_ base64="W5ulnEyyrK1ggVt9Bb tYJNGe784=">AAACeXichVHLLg RBFD3T3uM1HguJTTNMhsW4jYRY SWwsvQaJkUl3K1Smp7vT3TPBxA /4AQsbJCL4DBs/YOETxJLEgoU7 PZ0IglupqlOn7rl1qspwLekHRA 8xpa6+obGpuSXe2tbe0Zno6l71 nZJniqzpWI63bui+sKQtsoEMLL HuekIvGpZYMwpz1f21svB86dgr wb4rNov6ji23pakHTOUTvalCfk /N5eLp8ZwrVTWljukj+USSMhSG +hNoEUgiigUncYkctuDARAlFCN gIGFvQ4XPbgAaCy9wmKsx5jGS4 L3CIOGtLnCU4Q2e2wOMOrzYi1u Z1taYfqk0+xeLusVLFMN3TFT3T Hd3QI73/WqsS1qh62efZqGmFm+ 886lt+/VdV5DnA7qfqT88BtjEd epXs3Q2Z6i3Mmr58cPy8PLM0XE nROT2x/zN6oFu+gV1+MS8WxdIJ4 vwB2vfn/glWxzMaZbTFyeTsUPQ VzejHINL83lOYxTwWkOVzD3CKK 1zH3pQBJa2M1lKVWKTpwZdQJj4 AsWSPaQ==</latexit><latexit sha1_ base64="W5ulnEyyrK1ggVt9Bb tYJNGe784=">AAACeXichVHLLg RBFD3T3uM1HguJTTNMhsW4jYRY SWwsvQaJkUl3K1Smp7vT3TPBxA /4AQsbJCL4DBs/YOETxJLEgoU7 PZ0IglupqlOn7rl1qspwLekHRA 8xpa6+obGpuSXe2tbe0Zno6l71 nZJniqzpWI63bui+sKQtsoEMLL HuekIvGpZYMwpz1f21svB86dgr wb4rNov6ji23pakHTOUTvalCfk /N5eLp8ZwrVTWljukj+USSMhSG +hNoEUgiigUncYkctuDARAlFCN gIGFvQ4XPbgAaCy9wmKsx5jGS4 L3CIOGtLnCU4Q2e2wOMOrzYi1u Z1taYfqk0+xeLusVLFMN3TFT3T Hd3QI73/WqsS1qh62efZqGmFm+ 886lt+/VdV5DnA7qfqT88BtjEd epXs3Q2Z6i3Mmr58cPy8PLM0XE nROT2x/zN6oFu+gV1+MS8WxdIJ4 vwB2vfn/glWxzMaZbTFyeTsUPQ VzejHINL83lOYxTwWkOVzD3CKK 1zH3pQBJa2M1lKVWKTpwZdQJj4 AsWSPaQ==</latexit><latexit sha1_ base64="W5ulnEyyrK1ggVt9Bb tYJNGe784=">AAACeXichVHLLg RBFD3T3uM1HguJTTNMhsW4jYRY SWwsvQaJkUl3K1Smp7vT3TPBxA /4AQsbJCL4DBs/YOETxJLEgoU7 PZ0IglupqlOn7rl1qspwLekHRA 8xpa6+obGpuSXe2tbe0Zno6l71 nZJniqzpWI63bui+sKQtsoEMLL HuekIvGpZYMwpz1f21svB86dgr wb4rNov6ji23pakHTOUTvalCfk /N5eLp8ZwrVTWljukj+USSMhSG +hNoEUgiigUncYkctuDARAlFCN gIGFvQ4XPbgAaCy9wmKsx5jGS4 L3CIOGtLnCU4Q2e2wOMOrzYi1u Z1taYfqk0+xeLusVLFMN3TFT3T Hd3QI73/WqsS1qh62efZqGmFm+ 886lt+/VdV5DnA7qfqT88BtjEd epXs3Q2Z6i3Mmr58cPy8PLM0XE nROT2x/zN6oFu+gV1+MS8WxdIJ4 vwB2vfn/glWxzMaZbTFyeTsUPQ VzejHINL83lOYxTwWkOVzD3CKK 1zH3pQBJa2M1lKVWKTpwZdQJj4 AsWSPaQ==</latexit><latexit sha1_ base64="W5ulnEyyrK1ggVt9Bb tYJNGe784=">AAACeXichVHLLg RBFD3T3uM1HguJTTNMhsW4jYRY SWwsvQaJkUl3K1Smp7vT3TPBxA /4AQsbJCL4DBs/YOETxJLEgoU7 PZ0IglupqlOn7rl1qspwLekHRA 8xpa6+obGpuSXe2tbe0Zno6l71 nZJniqzpWI63bui+sKQtsoEMLL HuekIvGpZYMwpz1f21svB86dgr wb4rNov6ji23pakHTOUTvalCfk /N5eLp8ZwrVTWljukj+USSMhSG +hNoEUgiigUncYkctuDARAlFCN gIGFvQ4XPbgAaCy9wmKsx5jGS4 L3CIOGtLnCU4Q2e2wOMOrzYi1u Z1taYfqk0+xeLusVLFMN3TFT3T Hd3QI73/WqsS1qh62efZqGmFm+ 886lt+/VdV5DnA7qfqT88BtjEd epXs3Q2Z6i3Mmr58cPy8PLM0XE nROT2x/zN6oFu+gV1+MS8WxdIJ4 vwB2vfn/glWxzMaZbTFyeTsUPQ VzejHINL83lOYxTwWkOVzD3CKK 1zH3pQBJa2M1lKVWKTpwZdQJj4 AsWSPaQ==</latexit>
tH = 0
<latexi t sha1_base64 ="txA9Yynabwn iXJET5e7SBrsJ Ta0=">AAACbni chVHLSsNAFD2N 7/poVRBBxGJVu io3IiiCILhxqa 1VoUpJ4liDeZF MC1r8AffiQlAU RMTPcOMPuPATx I2g4MaFt2lAVN QbJnPmzD13ztz RPcsMJNFDTGlq bmlta++Id3Z19 ySSvX2rgVvxDV EwXMv113UtEJb piII0pSXWPV9o tm6JNX13ob6/V hV+YLrOitzzxKa tlR1z2zQ0yVRR lmobvp1aPJijU jJNWQoj9ROoEU gjiiU3eYUNbMG FgQpsCDiQjC1o CPgrQgXBY24TN eZ8Rma4L3CAOG srnCU4Q2N2l/9 lXhUj1uF1vWYQ qg0+xeLhszKFc bqna3qhO7qhR3 r/tVYtrFH3sse z3tAKr5Q4HMy/ /auyeZbY+VT96 VliGzOhV5O9ey FTv4XR0Ff3j1/ ys7nx2gRd0BP7 P6cHuuUbONVX4 3JZ5E4Q5wdQv7 f7J1idzKqUVZe n0vNj0VO0Ywij yHC/pzGPRSyhE HbsCKc4iz0rA8 qwMtJIVWKRph9 fQsl8AD9+jaE= </latexit><latexi t sha1_base64 ="txA9Yynabwn iXJET5e7SBrsJ Ta0=">AAACbni chVHLSsNAFD2N 7/poVRBBxGJVu io3IiiCILhxqa 1VoUpJ4liDeZF MC1r8AffiQlAU RMTPcOMPuPATx I2g4MaFt2lAVN QbJnPmzD13ztz RPcsMJNFDTGlq bmlta++Id3Z19 ySSvX2rgVvxDV EwXMv113UtEJb piII0pSXWPV9o tm6JNX13ob6/V hV+YLrOitzzxKa tlR1z2zQ0yVRR lmobvp1aPJijU jJNWQoj9ROoEU gjiiU3eYUNbMG FgQpsCDiQjC1o CPgrQgXBY24TN eZ8Rma4L3CAOG srnCU4Q2N2l/9 lXhUj1uF1vWYQ qg0+xeLhszKFc bqna3qhO7qhR3 r/tVYtrFH3sse z3tAKr5Q4HMy/ /auyeZbY+VT96 VliGzOhV5O9ey FTv4XR0Ff3j1/ ys7nx2gRd0BP7 P6cHuuUbONVX4 3JZ5E4Q5wdQv7 f7J1idzKqUVZe n0vNj0VO0Ywij yHC/pzGPRSyhE HbsCKc4iz0rA8 qwMtJIVWKRph9 fQsl8AD9+jaE= </latexit><latexi t sha1_base64 ="txA9Yynabwn iXJET5e7SBrsJ Ta0=">AAACbni chVHLSsNAFD2N 7/poVRBBxGJVu io3IiiCILhxqa 1VoUpJ4liDeZF MC1r8AffiQlAU RMTPcOMPuPATx I2g4MaFt2lAVN QbJnPmzD13ztz RPcsMJNFDTGlq bmlta++Id3Z19 ySSvX2rgVvxDV EwXMv113UtEJb piII0pSXWPV9o tm6JNX13ob6/V hV+YLrOitzzxKa tlR1z2zQ0yVRR lmobvp1aPJijU jJNWQoj9ROoEU gjiiU3eYUNbMG FgQpsCDiQjC1o CPgrQgXBY24TN eZ8Rma4L3CAOG srnCU4Q2N2l/9 lXhUj1uF1vWYQ qg0+xeLhszKFc bqna3qhO7qhR3 r/tVYtrFH3sse z3tAKr5Q4HMy/ /auyeZbY+VT96 VliGzOhV5O9ey FTv4XR0Ff3j1/ ys7nx2gRd0BP7 P6cHuuUbONVX4 3JZ5E4Q5wdQv7 f7J1idzKqUVZe n0vNj0VO0Ywij yHC/pzGPRSyhE HbsCKc4iz0rA8 qwMtJIVWKRph9 fQsl8AD9+jaE= </latexit><latexi t sha1_base64 ="txA9Yynabwn iXJET5e7SBrsJ Ta0=">AAACbni chVHLSsNAFD2N 7/poVRBBxGJVu io3IiiCILhxqa 1VoUpJ4liDeZF MC1r8AffiQlAU RMTPcOMPuPATx I2g4MaFt2lAVN QbJnPmzD13ztz RPcsMJNFDTGlq bmlta++Id3Z19 ySSvX2rgVvxDV EwXMv113UtEJb piII0pSXWPV9o tm6JNX13ob6/V hV+YLrOitzzxKa tlR1z2zQ0yVRR lmobvp1aPJijU jJNWQoj9ROoEU gjiiU3eYUNbMG FgQpsCDiQjC1o CPgrQgXBY24TN eZ8Rma4L3CAOG srnCU4Q2N2l/9 lXhUj1uF1vWYQ qg0+xeLhszKFc bqna3qhO7qhR3 r/tVYtrFH3sse z3tAKr5Q4HMy/ /auyeZbY+VT96 VliGzOhV5O9ey FTv4XR0Ff3j1/ ys7nx2gRd0BP7 P6cHuuUbONVX4 3JZ5E4Q5wdQv7 f7J1idzKqUVZe n0vNj0VO0Ywij yHC/pzGPRSyhE HbsCKc4iz0rA8 qwMtJIVWKRph9 fQsl8AD9+jaE= </latexit>
tH = 1.5eV
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FIG. 2. Band structures of (2,2)-Hopfene at ky = 0 with
the transfer energies of the Hopf-links of (a) tH = 0 and (b)
tH = 1.8 eV.
monopoles with certain geometrical Pancharatnam-Berry
phase factors[21, 22] are topologically protected, so that
the electronic structures are robust against the pertur-
bation as far as space and time reversal symmetries are
guaranteed[4, 19, 20]. We have confirmed this feature
and found the dimensional crossover of Dirac and Weyl
Fermions due to the inter-valley mixing between orthog-
onal Graphene sheets.
We have employed a tight-binding Hamiltonian for
(2,2)-Hopfene[18] (Fig. 1) as
Hˆ =
∑
kσ
ψˆ†kσ
(HG(hAB) HH
H†H HG(hCD)
)
ψˆkσ, (1)
where ψˆkσ =
(
akσ, bkσ, ckσ, dkσ
)
and ψˆ†kσ are annihila-
tion and creation operators for electrons with the mo-
mentum k (in the units of 2pi(a−1, a−1, c−1)) and the
spin σ in A-D sublattices. The matrix components in
Graphene sheets are
HG(h) =
(
0 h
h∗ 0
)
with hAB = −tG(eikxa/3 + 2e−ikxa/6 cos(kzc/2)) and
hCD = −tG(eikya/3 + 2e−ikya/6 cos(kzc/2)). The com-
ponents for Hopf-links are described by a 2× 2 matrix
HH = −tH
(
φ†− kx6
φ ky
3
+ φ†kx
3
φ− ky6
− 2 cos(kzc2 )φ†− kx6 φ− ky6
)
,
with φk =
(
eika, e−ika
)
. The nearest neighbour trans-
fer energies for Graphene and Hopf-links are tG = 2.8 eV
[4, 23] and tH ≈ 1.5±0.5 eV, which was roughly estimated
in comparison with the first principle calculation[24, 25].
Hˆ is a 4×4 matrix with the SU(2) ⊗ SU(2) symmetry to
describe electron transfers within and between Graphene
sheets. By diagonalising Hˆ at each k, we can easily ob-
tain the band diagram with 4 energy dispersions, E1(k)-
E4(k), measured from the bottom (Fig. 2).
In Graphene, Dirac points are located at K =
(0,−2/3) and K ′ = (0,−2/3), and there are 4 equiv-
alent points at (±1,±1/3) due to the symmetry of the
2D honeycomb lattice[4]. In Hopfene, on the other hand,
these 6 Dirac points for horizontal and vertical Graphene
sheets are not equivalent, because theses are located in
the different planes within the first Brillouin zone. Con-
sequently, 10 Dirac points in Hopfene with tH = 0 are
located at (±1, 0,±1/3), (0,±1,±1/3), and (0, 0,±2/3).
In particular, the last points of (0, 0,±2/3) are degen-
erate, because these are originated from both horizontal
and vertical Graphene sheets. In the presence of tH 6= 0,
the Dirac points will be shifted in k-space, and the slope
of the dispersion will be changed, but the essential topo-
logical feature will be kept unchanged.
The other interesting feature of the band diagram in
Hopfene is the emergence of the flat-bands (Fig. 2).
At tH = 0, bands will not be dispersive along the di-
rection perpendicular to the Graphene sheets (Fig. 2
(a)), and therefore, the Dirac points will become nodal
lines[20]. Both Dirac points and nodal lines are topolog-
ically protected, so that they cannot disappear by adi-
abatic turn-on of tH (Fig. 2 (b)), unless Dirac points
or nodal lines with opposite geometrical winding num-
bers would be merged, simultaneously, leading to the de-
struction of apparent monopoles with opposite magnetic
charge.
It was not possible to obtain analytic solution of Hˆ in
general, regardless of its simplicity. Therefore, we have
checked the weak coupling limit, tH → 0 at (0, 0, 2/3),
where we obtain
HG(hAB) ≈ ~vG(σ1k˜z + σ2kx)
HG(hCD) ≈ ~vG(σ1k˜z + σ2ky)
HH ≈ (−tH + ~k˜z)1+ 23~vH(iσ3(kx − ky)− σ2(kx + ky))
with the velocities of vG = 3tGa0/(2~) and vH =
3tHa0/(2~) for Graphene and Hopf-links, Dirac constant
of ~, k˜z = kz − 2/3, the identity matrix 1, and Pauli ma-
trices of σ1, σ2, and σ3. The constant energy of −tH
barely shifts the bands by forming bonding and anti-
bonding states between horizontal and vertical Graphene
sheets by Hopf-links, and will not change the linearity.
The reset of the Hamiltonian can be diagonalised and we
obtained the effective Hamiltonian at (0, 0, 2/3) as
Hˆeff =
∑
kσ
Ψˆ†kσ (vxkxσ1 + vykyσ2 + vzkzσ3) Ψˆkσ, (2)
where Ψˆkσ =
(
αkσ, γkσ
)
and Ψˆ†kσ are annihilation and
creation operators of quasi-particles for the Dirac valley
and the velocity along z was renormalised to be vz =
(3tG/2 + tH)a0/~, while vx = vy = vG. Therefore, the
3D Weyl Fermions will be obtained by the mixing of 2D
Dirac Fermions at the degenerate Dirac point. We also
obtained the flat-band, which penetrates the Dirac point.
For a stronger Hopf-link of tH = 1.5 eV, we have cal-
culated band structures by solving Hˆ numerically (Figs.
3-5). We confirmed 3D Weyl Fermions, which have lin-
ear dispersions along all directions (Figs. 3 (a)-(c)), ap-
peared near the degenerate Dirac points with the energy
3FIG. 3. 3D Weyl Fermions of (2,2)-Hopfene. Band struc-
tures at Dirac point k = (0, 0, 0.74) along (a) x, (b) y, and (c)
z directions. Fermi surfaces of (d) lower and (e) upper val-
leys are also shown, proving the 3D feature. (f) Energy band
diagram in the kx-ky plane at kz = 0.74, showing (a) lin-
ear dispersions of E3(k) and E1(k) with the flat band E2(k)
in-between.
of ED = −1.0 eV (Fig. 3). We found the 3D Fermi
surfaces, which should be spheroids, found at the Fermi
energy EF of -1.2 eV (Fig. 3 (d)) for lower valleys, and
they disappeared at ED as we increased EF, while they
appeared again at EF of -0.8 eV (Fig. 3 (e)) in the same
locations of k-space for higher valleys. We also checked
the linearity of the band at the Dirac point by plotting
in both kx-ky (Figs. 3 (f) and 3 (g)) and kx-kz (Fig.
2 (b)) planes, so that the Weyl bands were formed be-
tween E3(k) and E1(k) . It was also identified that the
flat-band E2(k) is penetrating between E3(k) and E1(k),
along kx and ky directions, while E2(k) is degenerate
with E3(k) along kz (Fig. 3 (c)). These features are
topologically equivalent to those expected at the weak
coupling limit.
At the higher energy of ED = 3.2 eV, we found 2D
Dirac Fermions at k = (0, 0, 0.48) (Fig. 4). Near this
point, the dispersions were linear along kx (Fig. 4 (a))
and ky (Fig. 4 (b)) , but it was almost flat along kz
(Fig. 4 (c)). This means that the confinement along
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FIG. 4. 2D Dirac Fermions of (2,2)-Hopfene. Band struc-
tures at Dirac point k = (0, 0, 0.48) along (a) x, (b) y, and
(c) z directions. Fermi surfaces of (d) lower and (e) upper
valleys.
kz-direction was weak, so that the Fermi surfaces was
spreading significantly along kz (Figs. 4 (d) and (e)).
Consequently, the cross sections of the Fermi surfaces
along the kx-ky plane were circular, leading to the 2D
electronic characters. These 2D Dirac Fermions are sim-
ilar to those in a single Graphene sheet with regard to the
2D topological shape of the Fermi surface. However, they
also have dispersion along kz in Hopfene, so that they
should be described as quasi-2D, strictly speaking, simi-
lar to correlated electronic materials such as cuprates[26],
in contrast to the monolayer of Graphene, where the per-
fect 2D confinement was achieved.
We also found the quasi-1D Dirac Fermions, which
were made of flat-band along the kx-ky plane (Figs. 5
(a) and (b)), while they have linear dispersions along kz
(Fig. 5 (c)). In this case, the highest energy states in
k-space will become Fermi points along kz (Figs. 5 (d)
and (e)) The electronic properties of these states will be
quasi-1D. We have 8 different 1D Dirac points in the plot
of the Fermi surface of Figs. 5 (d) and (e). Generations of
these points would be linked to the original Dirac points
and flat-bands. If we had the Dirac points coming from
Graphene or Hopf links, these points will survive upon
the introduction of the adiabatic turn-on of tH, if tH is
sufficiently small. Suppose we extend this linear disper-
sion from Dirac points to meet the flat-band, another
Dirac points will be generated at the crossing points.
These generations should accompany both positive and
negative topological charges with opposite chiralities[20],
4and thus the number of generated Dirac points would be
even. In our Hopfene, we found huge amounts of Dirac
points, characterised by different dimensionality.
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Dirac points   
ED = 2.8 eV
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ED = 2.8 eV
<latexit sha1 _base64="U/RLPG3n00myhYtXK cJpFpV+pm0=">AAACfHichVHL SuRAFD2d8dm+2pmFgptgqwgyzY 2IIwOCoILLbrVbwZYmiaUTzIs k3eCE/gF/wIUrFRFRv8KNP+DCT xCXCm5EvEkHREW9IVXnnrrn1q kqzTUNPyC6SUk/mppbWtva0x2d Xd09md6fJd+peroo6o7peKua6 gvTsEUxMAJTrLqeUC3NFCva9my 0vlITnm849nKw44p1S92yjU1D VwOmKpm++UpY9ix5rj49npsKy3 KUiFK9kslSjuKQPwIlAVkkkXc yJyhjAw50VGFBwEbA2IQKn781K CC4zK0jZM5jZMTrAnWkWVvlKs EVKrPbPG5xtpawNudRTz9W67yL yb/HShnDdE2ndE9XdEa39PRpr zDuEXnZ4VlraIVb6dntX3r8VmX xHODfq+pLzwE2MRV7Ndi7GzPR KfSGvvZ/737p7+JwOEKHdMf+D+ iGLvkEdu1BPy6IxX2k+QGU99f 9EZTGcwrllMJEdkZOnqINAxjE KN/3H8xgAXkU432PcI6L1LM0JI 1JvxulUirR/MKbkCZfAERukgU =</latexit><latexit sha1 _base64="U/RLPG3n00myhYtXK cJpFpV+pm0=">AAACfHichVHL SuRAFD2d8dm+2pmFgptgqwgyzY 2IIwOCoILLbrVbwZYmiaUTzIs k3eCE/gF/wIUrFRFRv8KNP+DCT xCXCm5EvEkHREW9IVXnnrrn1q kqzTUNPyC6SUk/mppbWtva0x2d Xd09md6fJd+peroo6o7peKua6 gvTsEUxMAJTrLqeUC3NFCva9my 0vlITnm849nKw44p1S92yjU1D VwOmKpm++UpY9ix5rj49npsKy3 KUiFK9kslSjuKQPwIlAVkkkXc yJyhjAw50VGFBwEbA2IQKn781K CC4zK0jZM5jZMTrAnWkWVvlKs EVKrPbPG5xtpawNudRTz9W67yL yb/HShnDdE2ndE9XdEa39PRpr zDuEXnZ4VlraIVb6dntX3r8VmX xHODfq+pLzwE2MRV7Ndi7GzPR KfSGvvZ/737p7+JwOEKHdMf+D+ iGLvkEdu1BPy6IxX2k+QGU99f 9EZTGcwrllMJEdkZOnqINAxjE KN/3H8xgAXkU432PcI6L1LM0JI 1JvxulUirR/MKbkCZfAERukgU =</latexit><latexit sha1 _base64="U/RLPG3n00myhYtXK cJpFpV+pm0=">AAACfHichVHL SuRAFD2d8dm+2pmFgptgqwgyzY 2IIwOCoILLbrVbwZYmiaUTzIs k3eCE/gF/wIUrFRFRv8KNP+DCT xCXCm5EvEkHREW9IVXnnrrn1q kqzTUNPyC6SUk/mppbWtva0x2d Xd09md6fJd+peroo6o7peKua6 gvTsEUxMAJTrLqeUC3NFCva9my 0vlITnm849nKw44p1S92yjU1D VwOmKpm++UpY9ix5rj49npsKy3 KUiFK9kslSjuKQPwIlAVkkkXc yJyhjAw50VGFBwEbA2IQKn781K CC4zK0jZM5jZMTrAnWkWVvlKs EVKrPbPG5xtpawNudRTz9W67yL yb/HShnDdE2ndE9XdEa39PRpr zDuEXnZ4VlraIVb6dntX3r8VmX xHODfq+pLzwE2MRV7Ndi7GzPR KfSGvvZ/737p7+JwOEKHdMf+D+ iGLvkEdu1BPy6IxX2k+QGU99f 9EZTGcwrllMJEdkZOnqINAxjE KN/3H8xgAXkU432PcI6L1LM0JI 1JvxulUirR/MKbkCZfAERukgU =</latexit><latexit sha1 _base64="U/RLPG3n00myhYtXK cJpFpV+pm0=">AAACfHichVHL SuRAFD2d8dm+2pmFgptgqwgyzY 2IIwOCoILLbrVbwZYmiaUTzIs k3eCE/gF/wIUrFRFRv8KNP+DCT xCXCm5EvEkHREW9IVXnnrrn1q kqzTUNPyC6SUk/mppbWtva0x2d Xd09md6fJd+peroo6o7peKua6 gvTsEUxMAJTrLqeUC3NFCva9my 0vlITnm849nKw44p1S92yjU1D VwOmKpm++UpY9ix5rj49npsKy3 KUiFK9kslSjuKQPwIlAVkkkXc yJyhjAw50VGFBwEbA2IQKn781K CC4zK0jZM5jZMTrAnWkWVvlKs EVKrPbPG5xtpawNudRTz9W67yL yb/HShnDdE2ndE9XdEa39PRpr zDuEXnZ4VlraIVb6dntX3r8VmX xHODfq+pLzwE2MRV7Ndi7GzPR KfSGvvZ/737p7+JwOEKHdMf+D+ iGLvkEdu1BPy6IxX2k+QGU99f 9EZTGcwrllMJEdkZOnqINAxjE KN/3H8xgAXkU432PcI6L1LM0JI 1JvxulUirR/MKbkCZfAERukgU =</latexit>
Dirac points 
ED = 2.8 eV
<latexit sha1 _base64="U/RLPG3n00myhYtXK cJpFpV+pm0=">AAACfHichVHL SuRAFD2d8dm+2pmFgptgqwgyzY 2IIwOCoILLbrVbwZYmiaUTzIs k3eCE/gF/wIUrFRFRv8KNP+DCT xCXCm5EvEkHREW9IVXnnrrn1q kqzTUNPyC6SUk/mppbWtva0x2d Xd09md6fJd+peroo6o7peKua6 gvTsEUxMAJTrLqeUC3NFCva9my 0vlITnm849nKw44p1S92yjU1D VwOmKpm++UpY9ix5rj49npsKy3 KUiFK9kslSjuKQPwIlAVkkkXc yJyhjAw50VGFBwEbA2IQKn781K CC4zK0jZM5jZMTrAnWkWVvlKs EVKrPbPG5xtpawNudRTz9W67yL yb/HShnDdE2ndE9XdEa39PRpr zDuEXnZ4VlraIVb6dntX3r8VmX xHODfq+pLzwE2MRV7Ndi7GzPR KfSGvvZ/737p7+JwOEKHdMf+D+ iGLvkEdu1BPy6IxX2k+QGU99f 9EZTGcwrllMJEdkZOnqINAxjE KN/3H8xgAXkU432PcI6L1LM0JI 1JvxulUirR/MKbkCZfAERukgU =</latexit><latexit sha1 _base64="U/RLPG3n00myhYtXK cJpFpV+pm0=">AAACfHichVHL SuRAFD2d8dm+2pmFgptgqwgyzY 2IIwOCoILLbrVbwZYmiaUTzIs k3eCE/gF/wIUrFRFRv8KNP+DCT xCXCm5EvEkHREW9IVXnnrrn1q kqzTUNPyC6SUk/mppbWtva0x2d Xd09md6fJd+peroo6o7peKua6 gvTsEUxMAJTrLqeUC3NFCva9my 0vlITnm849nKw44p1S92yjU1D VwOmKpm++UpY9ix5rj49npsKy3 KUiFK9kslSjuKQPwIlAVkkkXc yJyhjAw50VGFBwEbA2IQKn781K CC4zK0jZM5jZMTrAnWkWVvlKs EVKrPbPG5xtpawNudRTz9W67yL yb/HShnDdE2ndE9XdEa39PRpr zDuEXnZ4VlraIVb6dntX3r8VmX xHODfq+pLzwE2MRV7Ndi7GzPR KfSGvvZ/737p7+JwOEKHdMf+D+ iGLvkEdu1BPy6IxX2k+QGU99f 9EZTGcwrllMJEdkZOnqINAxjE KN/3H8xgAXkU432PcI6L1LM0JI 1JvxulUirR/MKbkCZfAERukgU =</latexit><latexit sha1 _base64="U/RLPG3n00myhYtXK cJpFpV+pm0=">AAACfHichVHL SuRAFD2d8dm+2pmFgptgqwgyzY 2IIwOCoILLbrVbwZYmiaUTzIs k3eCE/gF/wIUrFRFRv8KNP+DCT xCXCm5EvEkHREW9IVXnnrrn1q kqzTUNPyC6SUk/mppbWtva0x2d Xd09md6fJd+peroo6o7peKua6 gvTsEUxMAJTrLqeUC3NFCva9my 0vlITnm849nKw44p1S92yjU1D VwOmKpm++UpY9ix5rj49npsKy3 KUiFK9kslSjuKQPwIlAVkkkXc yJyhjAw50VGFBwEbA2IQKn781K CC4zK0jZM5jZMTrAnWkWVvlKs EVKrPbPG5xtpawNudRTz9W67yL yb/HShnDdE2ndE9XdEa39PRpr zDuEXnZ4VlraIVb6dntX3r8VmX xHODfq+pLzwE2MRV7Ndi7GzPR KfSGvvZ/737p7+JwOEKHdMf+D+ iGLvkEdu1BPy6IxX2k+QGU99f 9EZTGcwrllMJEdkZOnqINAxjE KN/3H8xgAXkU432PcI6L1LM0JI 1JvxulUirR/MKbkCZfAERukgU =</latexit><latexit sha1 _base64="U/RLPG3n00myhYtXK cJpFpV+pm0=">AAACfHichVHL SuRAFD2d8dm+2pmFgptgqwgyzY 2IIwOCoILLbrVbwZYmiaUTzIs k3eCE/gF/wIUrFRFRv8KNP+DCT xCXCm5EvEkHREW9IVXnnrrn1q kqzTUNPyC6SUk/mppbWtva0x2d Xd09md6fJd+peroo6o7peKua6 gvTsEUxMAJTrLqeUC3NFCva9my 0vlITnm849nKw44p1S92yjU1D VwOmKpm++UpY9ix5rj49npsKy3 KUiFK9kslSjuKQPwIlAVkkkXc yJyhjAw50VGFBwEbA2IQKn781K CC4zK0jZM5jZMTrAnWkWVvlKs EVKrPbPG5xtpawNudRTz9W67yL yb/HShnDdE2ndE9XdEa39PRpr zDuEXnZ4VlraIVb6dntX3r8VmX xHODfq+pLzwE2MRV7Ndi7GzPR KfSGvvZ/737p7+JwOEKHdMf+D+ iGLvkEdu1BPy6IxX2k+QGU99f 9EZTGcwrllMJEdkZOnqINAxjE KN/3H8xgAXkU432PcI6L1LM0JI 1JvxulUirR/MKbkCZfAERukgU =</latexit>
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1     
kx (2⇡/a)
<latexi t sha1_base64 ="ygrNRUQNmi 7bNJVC8dg1YFx SjuU=">AAACcX ichVHLSsNAFD2 N7/qqulHcBKu iCPVGBMWV4Mal r9pCW0sSRx2aJ iFJi1r8AX9AwZ WCiPgZbvwBF3 6CuKzgxoW3aUB U1DvMzJkz99w5 M2O4lvQDoqeY0 tLa1t7R2RXv7 unt608MDG77Ts UzRdp0LMfLGro vLGmLdCADS2Rd T+hlwxIZo7TS 2M9UhedLx94Kj lxRKOv7ttyTph 4wtVMqHqp5dW ou78pZfbqYSFK KwlB/Ai0CSUSx 5iRukMcuHJioo AwBGwFjCzp8b jloILjMFVBjzm Mkw32BE8RZW+E swRk6syUe93mV i1ib142afqg2 +RSLu8dKFRP0S LdUpwe6o2d6/7 VWLazR8HLEs9H UCrfYfzq8+fa vqsxzgINP1Z+e A+xhMfQq2bsbM o1bmE199fisvr m0MVGbpCt6Yf +X9ET3fAO7+mp er4uNC8T5A7Tv z/0TbM+lNEpp6 /PJ5fHoKzoxi jFM8XsvYBmrWE Oaz/Vwjktcxer KiKIqY81UJRZp hvAllJkPTKmO Cg==</latexit ><latexi t sha1_base64 ="ygrNRUQNmi 7bNJVC8dg1YFx SjuU=">AAACcX ichVHLSsNAFD2 N7/qqulHcBKu iCPVGBMWV4Mal r9pCW0sSRx2aJ iFJi1r8AX9AwZ WCiPgZbvwBF3 6CuKzgxoW3aUB U1DvMzJkz99w5 M2O4lvQDoqeY0 tLa1t7R2RXv7 unt608MDG77Ts UzRdp0LMfLGro vLGmLdCADS2Rd T+hlwxIZo7TS 2M9UhedLx94Kj lxRKOv7ttyTph 4wtVMqHqp5dW ou78pZfbqYSFK KwlB/Ai0CSUSx 5iRukMcuHJioo AwBGwFjCzp8b jloILjMFVBjzm Mkw32BE8RZW+E swRk6syUe93mV i1ib142afqg2 +RSLu8dKFRP0S LdUpwe6o2d6/7 VWLazR8HLEs9H UCrfYfzq8+fa vqsxzgINP1Z+e A+xhMfQq2bsbM o1bmE199fisvr m0MVGbpCt6Yf +X9ET3fAO7+mp er4uNC8T5A7Tv z/0TbM+lNEpp6 /PJ5fHoKzoxi jFM8XsvYBmrWE Oaz/Vwjktcxer KiKIqY81UJRZp hvAllJkPTKmO Cg==</latexit ><latexi t sha1_base64 ="ygrNRUQNmi 7bNJVC8dg1YFx SjuU=">AAACcX ichVHLSsNAFD2 N7/qqulHcBKu iCPVGBMWV4Mal r9pCW0sSRx2aJ iFJi1r8AX9AwZ WCiPgZbvwBF3 6CuKzgxoW3aUB U1DvMzJkz99w5 M2O4lvQDoqeY0 tLa1t7R2RXv7 unt608MDG77Ts UzRdp0LMfLGro vLGmLdCADS2Rd T+hlwxIZo7TS 2M9UhedLx94Kj lxRKOv7ttyTph 4wtVMqHqp5dW ou78pZfbqYSFK KwlB/Ai0CSUSx 5iRukMcuHJioo AwBGwFjCzp8b jloILjMFVBjzm Mkw32BE8RZW+E swRk6syUe93mV i1ib142afqg2 +RSLu8dKFRP0S LdUpwe6o2d6/7 VWLazR8HLEs9H UCrfYfzq8+fa vqsxzgINP1Z+e A+xhMfQq2bsbM o1bmE199fisvr m0MVGbpCt6Yf +X9ET3fAO7+mp er4uNC8T5A7Tv z/0TbM+lNEpp6 /PJ5fHoKzoxi jFM8XsvYBmrWE Oaz/Vwjktcxer KiKIqY81UJRZp hvAllJkPTKmO Cg==</latexit ><latexi t sha1_base64 ="ygrNRUQNmi 7bNJVC8dg1YFx SjuU=">AAACcX ichVHLSsNAFD2 N7/qqulHcBKu iCPVGBMWV4Mal r9pCW0sSRx2aJ iFJi1r8AX9AwZ WCiPgZbvwBF3 6CuKzgxoW3aUB U1DvMzJkz99w5 M2O4lvQDoqeY0 tLa1t7R2RXv7 unt608MDG77Ts UzRdp0LMfLGro vLGmLdCADS2Rd T+hlwxIZo7TS 2M9UhedLx94Kj lxRKOv7ttyTph 4wtVMqHqp5dW ou78pZfbqYSFK KwlB/Ai0CSUSx 5iRukMcuHJioo AwBGwFjCzp8b jloILjMFVBjzm Mkw32BE8RZW+E swRk6syUe93mV i1ib142afqg2 +RSLu8dKFRP0S LdUpwe6o2d6/7 VWLazR8HLEs9H UCrfYfzq8+fa vqsxzgINP1Z+e A+xhMfQq2bsbM o1bmE199fisvr m0MVGbpCt6Yf +X9ET3fAO7+mp er4uNC8T5A7Tv z/0TbM+lNEpp6 /PJ5fHoKzoxi jFM8XsvYBmrWE Oaz/Vwjktcxer KiKIqY81UJRZp hvAllJkPTKmO Cg==</latexit >
-      
ky (2⇡/a)
<latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit><latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit><latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit><latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit>
1   0 1 
kz ⇡ )
<latexit sha1 _base64="EmIBwtpqeVZMVr1Sv NcFngOLBSU=">AAACcXichVHL SgMxFD0d3/VVdaO4GVoVRah3RF BcCW5c+moVrJaZMdXQeTEzLWj xB/wBBVcKIuJnuPEHXPgJ4rKCG xfeTgdERb0hycnJPTcnieFZMg iJnhJKS2tbe0dnV7K7p7evPzUw mA/cim+KnOlarr9t6IGwpCNyo Qwtse35QrcNS2wZ5eXG/lZV+IF 0nc3wyBO7tn7gyJI09ZCpvXLx WC2ok7MFT86YU8VUhrIUhfoTaD HIII5VN3WDAvbhwkQFNgQchIw t6Ai47UADwWNuFzXmfEYy2hc4Q ZK1Fc4SnKEzW+bxgFc7Mevwul EziNQmn2Jx91mpYpwe6Zbq9EB3 9Ezvv9aqRTUaXo54Nppa4RX7T 4c33v5V2TyHOPxU/ek5RAkLkVf J3r2IadzCbOqrx2f1jcX18doE XdEL+7+kJ7rnGzjVV/N6TaxfIM kfoH1/7p8gP5vVKKutzWWWxuK v6MQo0pjk957HElawihyf6+Mc l7hK1JURRVXSzVQlEWuG8CWU6Q 9UwY4O</latexit><latexit sha1 _base64="EmIBwtpqeVZMVr1Sv NcFngOLBSU=">AAACcXichVHL SgMxFD0d3/VVdaO4GVoVRah3RF BcCW5c+moVrJaZMdXQeTEzLWj xB/wBBVcKIuJnuPEHXPgJ4rKCG xfeTgdERb0hycnJPTcnieFZMg iJnhJKS2tbe0dnV7K7p7evPzUw mA/cim+KnOlarr9t6IGwpCNyo Qwtse35QrcNS2wZ5eXG/lZV+IF 0nc3wyBO7tn7gyJI09ZCpvXLx WC2ok7MFT86YU8VUhrIUhfoTaD HIII5VN3WDAvbhwkQFNgQchIw t6Ai47UADwWNuFzXmfEYy2hc4Q ZK1Fc4SnKEzW+bxgFc7Mevwul EziNQmn2Jx91mpYpwe6Zbq9EB3 9Ezvv9aqRTUaXo54Nppa4RX7T 4c33v5V2TyHOPxU/ek5RAkLkVf J3r2IadzCbOqrx2f1jcX18doE XdEL+7+kJ7rnGzjVV/N6TaxfIM kfoH1/7p8gP5vVKKutzWWWxuK v6MQo0pjk957HElawihyf6+Mc l7hK1JURRVXSzVQlEWuG8CWU6Q 9UwY4O</latexit><latexit sha1 _base64="EmIBwtpqeVZMVr1Sv NcFngOLBSU=">AAACcXichVHL SgMxFD0d3/VVdaO4GVoVRah3RF BcCW5c+moVrJaZMdXQeTEzLWj xB/wBBVcKIuJnuPEHXPgJ4rKCG xfeTgdERb0hycnJPTcnieFZMg iJnhJKS2tbe0dnV7K7p7evPzUw mA/cim+KnOlarr9t6IGwpCNyo Qwtse35QrcNS2wZ5eXG/lZV+IF 0nc3wyBO7tn7gyJI09ZCpvXLx WC2ok7MFT86YU8VUhrIUhfoTaD HIII5VN3WDAvbhwkQFNgQchIw t6Ai47UADwWNuFzXmfEYy2hc4Q ZK1Fc4SnKEzW+bxgFc7Mevwul EziNQmn2Jx91mpYpwe6Zbq9EB3 9Ezvv9aqRTUaXo54Nppa4RX7T 4c33v5V2TyHOPxU/ek5RAkLkVf J3r2IadzCbOqrx2f1jcX18doE XdEL+7+kJ7rnGzjVV/N6TaxfIM kfoH1/7p8gP5vVKKutzWWWxuK v6MQo0pjk957HElawihyf6+Mc l7hK1JURRVXSzVQlEWuG8CWU6Q 9UwY4O</latexit><latexit sha1 _base64="EmIBwtpqeVZMVr1Sv NcFngOLBSU=">AAACcXichVHL SgMxFD0d3/VVdaO4GVoVRah3RF BcCW5c+moVrJaZMdXQeTEzLWj xB/wBBVcKIuJnuPEHXPgJ4rKCG xfeTgdERb0hycnJPTcnieFZMg iJnhJKS2tbe0dnV7K7p7evPzUw mA/cim+KnOlarr9t6IGwpCNyo Qwtse35QrcNS2wZ5eXG/lZV+IF 0nc3wyBO7tn7gyJI09ZCpvXLx WC2ok7MFT86YU8VUhrIUhfoTaD HIII5VN3WDAvbhwkQFNgQchIw t6Ai47UADwWNuFzXmfEYy2hc4Q ZK1Fc4SnKEzW+bxgFc7Mevwul EziNQmn2Jx91mpYpwe6Zbq9EB3 9Ezvv9aqRTUaXo54Nppa4RX7T 4c33v5V2TyHOPxU/ek5RAkLkVf J3r2IadzCbOqrx2f1jcX18doE XdEL+7+kJ7rnGzjVV/N6TaxfIM kfoH1/7p8gP5vVKKutzWWWxuK v6MQo0pjk957HElawihyf6+Mc l7hK1JURRVXSzVQlEWuG8CWU6Q 9UwY4O</latexit>
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Flat-band along x-y  
kx (2⇡/a)
<latexi t sha1_base64 ="ygrNRUQNmi 7bNJVC8dg1YFx SjuU=">AAACcX ichVHLSsNAFD2 N7/qqulHcBKu iCPVGBMWV4Mal r9pCW0sSRx2aJ iFJi1r8AX9AwZ WCiPgZbvwBF3 6CuKzgxoW3aUB U1DvMzJkz99w5 M2O4lvQDoqeY0 tLa1t7R2RXv7 unt608MDG77Ts UzRdp0LMfLGro vLGmLdCADS2Rd T+hlwxIZo7TS 2M9UhedLx94Kj lxRKOv7ttyTph 4wtVMqHqp5dW ou78pZfbqYSFK KwlB/Ai0CSUSx 5iRukMcuHJioo AwBGwFjCzp8b jloILjMFVBjzm Mkw32BE8RZW+E swRk6syUe93mV i1ib142afqg2 +RSLu8dKFRP0S LdUpwe6o2d6/7 VWLazR8HLEs9H UCrfYfzq8+fa vqsxzgINP1Z+e A+xhMfQq2bsbM o1bmE199fisvr m0MVGbpCt6Yf +X9ET3fAO7+mp er4uNC8T5A7Tv z/0TbM+lNEpp6 /PJ5fHoKzoxi jFM8XsvYBmrWE Oaz/Vwjktcxer KiKIqY81UJRZp hvAllJkPTKmO Cg==</latexit ><latexi t sha1_base64 ="ygrNRUQNmi 7bNJVC8dg1YFx SjuU=">AAACcX ichVHLSsNAFD2 N7/qqulHcBKu iCPVGBMWV4Mal r9pCW0sSRx2aJ iFJi1r8AX9AwZ WCiPgZbvwBF3 6CuKzgxoW3aUB U1DvMzJkz99w5 M2O4lvQDoqeY0 tLa1t7R2RXv7 unt608MDG77Ts UzRdp0LMfLGro vLGmLdCADS2Rd T+hlwxIZo7TS 2M9UhedLx94Kj lxRKOv7ttyTph 4wtVMqHqp5dW ou78pZfbqYSFK KwlB/Ai0CSUSx 5iRukMcuHJioo AwBGwFjCzp8b jloILjMFVBjzm Mkw32BE8RZW+E swRk6syUe93mV i1ib142afqg2 +RSLu8dKFRP0S LdUpwe6o2d6/7 VWLazR8HLEs9H UCrfYfzq8+fa vqsxzgINP1Z+e A+xhMfQq2bsbM o1bmE199fisvr m0MVGbpCt6Yf +X9ET3fAO7+mp er4uNC8T5A7Tv z/0TbM+lNEpp6 /PJ5fHoKzoxi jFM8XsvYBmrWE Oaz/Vwjktcxer KiKIqY81UJRZp hvAllJkPTKmO Cg==</latexit ><latexi t sha1_base64 ="ygrNRUQNmi 7bNJVC8dg1YFx SjuU=">AAACcX ichVHLSsNAFD2 N7/qqulHcBKu iCPVGBMWV4Mal r9pCW0sSRx2aJ iFJi1r8AX9AwZ WCiPgZbvwBF3 6CuKzgxoW3aUB U1DvMzJkz99w5 M2O4lvQDoqeY0 tLa1t7R2RXv7 unt608MDG77Ts UzRdp0LMfLGro vLGmLdCADS2Rd T+hlwxIZo7TS 2M9UhedLx94Kj lxRKOv7ttyTph 4wtVMqHqp5dW ou78pZfbqYSFK KwlB/Ai0CSUSx 5iRukMcuHJioo AwBGwFjCzp8b jloILjMFVBjzm Mkw32BE8RZW+E swRk6syUe93mV i1ib142afqg2 +RSLu8dKFRP0S LdUpwe6o2d6/7 VWLazR8HLEs9H UCrfYfzq8+fa vqsxzgINP1Z+e A+xhMfQq2bsbM o1bmE199fisvr m0MVGbpCt6Yf +X9ET3fAO7+mp er4uNC8T5A7Tv z/0TbM+lNEpp6 /PJ5fHoKzoxi jFM8XsvYBmrWE Oaz/Vwjktcxer KiKIqY81UJRZp hvAllJkPTKmO Cg==</latexit ><latexi t sha1_base64 ="ygrNRUQNmi 7bNJVC8dg1YFx SjuU=">AAACcX ichVHLSsNAFD2 N7/qqulHcBKu iCPVGBMWV4Mal r9pCW0sSRx2aJ iFJi1r8AX9AwZ WCiPgZbvwBF3 6CuKzgxoW3aUB U1DvMzJkz99w5 M2O4lvQDoqeY0 tLa1t7R2RXv7 unt608MDG77Ts UzRdp0LMfLGro vLGmLdCADS2Rd T+hlwxIZo7TS 2M9UhedLx94Kj lxRKOv7ttyTph 4wtVMqHqp5dW ou78pZfbqYSFK KwlB/Ai0CSUSx 5iRukMcuHJioo AwBGwFjCzp8b jloILjMFVBjzm Mkw32BE8RZW+E swRk6syUe93mV i1ib142afqg2 +RSLu8dKFRP0S LdUpwe6o2d6/7 VWLazR8HLEs9H UCrfYfzq8+fa vqsxzgINP1Z+e A+xhMfQq2bsbM o1bmE199fisvr m0MVGbpCt6Yf +X9ET3fAO7+mp er4uNC8T5A7Tv z/0TbM+lNEpp6 /PJ5fHoKzoxi jFM8XsvYBmrWE Oaz/Vwjktcxer KiKIqY81UJRZp hvAllJkPTKmO Cg==</latexit >
ky (2⇡/a)
<latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit><latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit><latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit><latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit>
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<latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit>
kx (2⇡/a)
<latexit sha1 _base64="ygrNRUQNmi7bNJVC8 dg1YFxSjuU=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4Malr9pCW0sSRx2aJiFJi1r 8AX9AwZWCiPgZbvwBF36CuKzgx oW3aUBU1DvMzJkz99w5M2O4lv QDoqeY0tLa1t7R2RXv7unt608M DG77TsUzRdp0LMfLGrovLGmLd CADS2RdT+hlwxIZo7TS2M9Uhed Lx94KjlxRKOv7ttyTph4wtVMq Hqp5dWou78pZfbqYSFKKwlB/Ai 0CSUSx5iRukMcuHJiooAwBGwF jCzp8bjloILjMFVBjzmMkw32BE 8RZW+EswRk6syUe93mVi1ib14 2afqg2+RSLu8dKFRP0SLdUpwe6 o2d6/7VWLazR8HLEs9HUCrfYf zq8+favqsxzgINP1Z+eA+xhMfQ q2bsbMo1bmE199fisvrm0MVGb pCt6Yf+X9ET3fAO7+mper4uNC8 T5A7Tvz/0TbM+lNEpp6/PJ5fH oKzoxijFM8XsvYBmrWEOaz/Vw jktcxerKiKIqY81UJRZphvAllJ kPTKmOCg==</latexit><latexit sha1 _base64="ygrNRUQNmi7bNJVC8 dg1YFxSjuU=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4Malr9pCW0sSRx2aJiFJi1r 8AX9AwZWCiPgZbvwBF36CuKzgx oW3aUBU1DvMzJkz99w5M2O4lv QDoqeY0tLa1t7R2RXv7unt608M DG77TsUzRdp0LMfLGrovLGmLd CADS2RdT+hlwxIZo7TS2M9Uhed Lx94KjlxRKOv7ttyTph4wtVMq Hqp5dWou78pZfbqYSFKKwlB/Ai 0CSUSx5iRukMcuHJiooAwBGwF jCzp8bjloILjMFVBjzmMkw32BE 8RZW+EswRk6syUe93mVi1ib14 2afqg2+RSLu8dKFRP0SLdUpwe6 o2d6/7VWLazR8HLEs9HUCrfYf zq8+favqsxzgINP1Z+eA+xhMfQ q2bsbMo1bmE199fisvrm0MVGb pCt6Yf+X9ET3fAO7+mper4uNC8 T5A7Tvz/0TbM+lNEpp6/PJ5fH oKzoxijFM8XsvYBmrWEOaz/Vw jktcxerKiKIqY81UJRZphvAllJ kPTKmOCg==</latexit><latexit sha1 _base64="ygrNRUQNmi7bNJVC8 dg1YFxSjuU=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4Malr9pCW0sSRx2aJiFJi1r 8AX9AwZWCiPgZbvwBF36CuKzgx oW3aUBU1DvMzJkz99w5M2O4lv QDoqeY0tLa1t7R2RXv7unt608M DG77TsUzRdp0LMfLGrovLGmLd CADS2RdT+hlwxIZo7TS2M9Uhed Lx94KjlxRKOv7ttyTph4wtVMq Hqp5dWou78pZfbqYSFKKwlB/Ai 0CSUSx5iRukMcuHJiooAwBGwF jCzp8bjloILjMFVBjzmMkw32BE 8RZW+EswRk6syUe93mVi1ib14 2afqg2+RSLu8dKFRP0SLdUpwe6 o2d6/7VWLazR8HLEs9HUCrfYf zq8+favqsxzgINP1Z+eA+xhMfQ q2bsbMo1bmE199fisvrm0MVGb pCt6Yf+X9ET3fAO7+mper4uNC8 T5A7Tvz/0TbM+lNEpp6/PJ5fH oKzoxijFM8XsvYBmrWEOaz/Vw jktcxerKiKIqY81UJRZphvAllJ kPTKmOCg==</latexit><latexit sha1 _base64="ygrNRUQNmi7bNJVC8 dg1YFxSjuU=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4Malr9pCW0sSRx2aJiFJi1r 8AX9AwZWCiPgZbvwBF36CuKzgx oW3aUBU1DvMzJkz99w5M2O4lv QDoqeY0tLa1t7R2RXv7unt608M DG77TsUzRdp0LMfLGrovLGmLd CADS2RdT+hlwxIZo7TS2M9Uhed Lx94KjlxRKOv7ttyTph4wtVMq Hqp5dWou78pZfbqYSFKKwlB/Ai 0CSUSx5iRukMcuHJiooAwBGwF jCzp8bjloILjMFVBjzmMkw32BE 8RZW+EswRk6syUe93mVi1ib14 2afqg2+RSLu8dKFRP0SLdUpwe6 o2d6/7VWLazR8HLEs9HUCrfYf zq8+favqsxzgINP1Z+eA+xhMfQ q2bsbMo1bmE199fisvrm0MVGb pCt6Yf+X9ET3fAO7+mper4uNC8 T5A7Tvz/0TbM+lNEpp6/PJ5fH oKzoxijFM8XsvYBmrWEOaz/Vw jktcxerKiKIqY81UJRZphvAllJ kPTKmOCg==</latexit>
ky (2⇡/a)
<latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit><latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit><latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit><latexit sha1 _base64="JhoTP2ar1nPqL/7Jw t2rJp6SpFA=">AAACcXichVHL SsNAFD2N7/qqulHcBKuiCPVGBM WV4MZlq1YFqyWJow5Nk5CkhVr 8AX9AwVULIuJnuPEHXPgJ4rKCG xfepgFRUe8wM2fO3HPnzIzhWt IPiJ5iSlt7R2dXd0+8t69/YDAx NLztOyXPFFnTsRxv19B9YUlbZ AMZWGLX9YReNCyxYxTWmvs7ZeH 50rG3goor9ov6sS2PpKkHTB0U 8hU1p84s5Fw5r8/mE0lKURjqT6 BFIIko0k7iBjkcwoGJEooQsBE wtqDD57YHDQSXuX1UmfMYyXBf4 Axx1pY4S3CGzmyBx2Ne7UWsze tmTT9Um3yKxd1jpYopeqRbatAD 3dEzvf9aqxrWaHqp8Gy0tMLND 56Pbr79qyryHODkU/Wn5wBHWA6 9SvbuhkzzFmZLXz69aGyubExV p6lOL+y/Rk90zzewy6/mdUZsXC HOH6B9f+6fYHshpVFKyywmVye jr+jGOCYww++9hFWsI40sn+vh EjXUYw1lTFGViVaqEos0I/gSyt wHTrSOCw==</latexit>
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<latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit><latexit sha1_base64="0eA88Bs/UnAhYleldi9lW0tKRsU="></latexit>
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EF = 2.5 eV
<latexi t sha1_base64 ="XvAQnmIjDJ JgrsprQ4hFglI EMdk=">AAACfX ichVFNS+NQFD2 N48d01FZnI8w mWCouJNyIogiC IDPMslVbBSsli c8ami+StKCh/g D/wCxmpSjDMI x/ws38ARf+BHG pMBtBb9KAqKg3 5L1zz7vnvvPe0 z3LDEKiy4zU8 6G3r3/gY/bT4N BwLj8yWg3clm+ IiuFarr+ha4Gw TEdUQjO0xIbn C83WLbGuN5fj9 fW28APTddbCPU 9s2VrDMXdMQw uZqufHvtajmm/ L3zqL08qsHNXk OBPVTj1fIIWSk F8CNQUFpFFy8 79QwzZcGGjBho CDkLEFDQF/m1B B8JjbQsScz8hM 1gU6yLK2xVWC KzRmmzw2ONtMW YfzuGeQqA3exe LfZ6WMIl3Qb7q hf/SHruju1V5 R0iP2ssez3tUK r547HFv9/67K5 jnE7qPqTc8hdj CfeDXZu5cw8S mMrr69/+NmdWG lGE3QMV2z/yO6 pHM+gdO+NU7LY uUnsvwA6vPrf gmq04pKilqeKS zJ6VMM4AvGMcn 3PYclfEcJFd73 ACf4i7PMvVSU piSlWyplUs1nP Alp7gGtaJIu</ latexit><latexi t sha1_base64 ="XvAQnmIjDJ JgrsprQ4hFglI EMdk=">AAACfX ichVFNS+NQFD2 N48d01FZnI8w mWCouJNyIogiC IDPMslVbBSsli c8ami+StKCh/g D/wCxmpSjDMI x/ws38ARf+BHG pMBtBb9KAqKg3 5L1zz7vnvvPe0 z3LDEKiy4zU8 6G3r3/gY/bT4N BwLj8yWg3clm+ IiuFarr+ha4Gw TEdUQjO0xIbn C83WLbGuN5fj9 fW28APTddbCPU 9s2VrDMXdMQw uZqufHvtajmm/ L3zqL08qsHNXk OBPVTj1fIIWSk F8CNQUFpFFy8 79QwzZcGGjBho CDkLEFDQF/m1B B8JjbQsScz8hM 1gU6yLK2xVWC KzRmmzw2ONtMW YfzuGeQqA3exe LfZ6WMIl3Qb7q hf/SHruju1V5 R0iP2ssez3tUK r547HFv9/67K5 jnE7qPqTc8hdj CfeDXZu5cw8S mMrr69/+NmdWG lGE3QMV2z/yO6 pHM+gdO+NU7LY uUnsvwA6vPrf gmq04pKilqeKS zJ6VMM4AvGMcn 3PYclfEcJFd73 ACf4i7PMvVSU piSlWyplUs1nP Alp7gGtaJIu</ latexit><latexi t sha1_base64 ="XvAQnmIjDJ JgrsprQ4hFglI EMdk=">AAACfX ichVFNS+NQFD2 N48d01FZnI8w mWCouJNyIogiC IDPMslVbBSsli c8ami+StKCh/g D/wCxmpSjDMI x/ws38ARf+BHG pMBtBb9KAqKg3 5L1zz7vnvvPe0 z3LDEKiy4zU8 6G3r3/gY/bT4N BwLj8yWg3clm+ IiuFarr+ha4Gw TEdUQjO0xIbn C83WLbGuN5fj9 fW28APTddbCPU 9s2VrDMXdMQw uZqufHvtajmm/ L3zqL08qsHNXk OBPVTj1fIIWSk F8CNQUFpFFy8 79QwzZcGGjBho CDkLEFDQF/m1B B8JjbQsScz8hM 1gU6yLK2xVWC KzRmmzw2ONtMW YfzuGeQqA3exe LfZ6WMIl3Qb7q hf/SHruju1V5 R0iP2ssez3tUK r547HFv9/67K5 jnE7qPqTc8hdj CfeDXZu5cw8S mMrr69/+NmdWG lGE3QMV2z/yO6 pHM+gdO+NU7LY uUnsvwA6vPrf gmq04pKilqeKS zJ6VMM4AvGMcn 3PYclfEcJFd73 ACf4i7PMvVSU piSlWyplUs1nP Alp7gGtaJIu</ latexit><latexi t sha1_base64 ="XvAQnmIjDJ JgrsprQ4hFglI EMdk=">AAACfX ichVFNS+NQFD2 N48d01FZnI8w mWCouJNyIogiC IDPMslVbBSsli c8ami+StKCh/g D/wCxmpSjDMI x/ws38ARf+BHG pMBtBb9KAqKg3 5L1zz7vnvvPe0 z3LDEKiy4zU8 6G3r3/gY/bT4N BwLj8yWg3clm+ IiuFarr+ha4Gw TEdUQjO0xIbn C83WLbGuN5fj9 fW28APTddbCPU 9s2VrDMXdMQw uZqufHvtajmm/ L3zqL08qsHNXk OBPVTj1fIIWSk F8CNQUFpFFy8 79QwzZcGGjBho CDkLEFDQF/m1B B8JjbQsScz8hM 1gU6yLK2xVWC KzRmmzw2ONtMW YfzuGeQqA3exe LfZ6WMIl3Qb7q hf/SHruju1V5 R0iP2ssez3tUK r547HFv9/67K5 jnE7qPqTc8hdj CfeDXZu5cw8S mMrr69/+NmdWG lGE3QMV2z/yO6 pHM+gdO+NU7LY uUnsvwA6vPrf gmq04pKilqeKS zJ6VMM4AvGMcn 3PYclfEcJFd73 ACf4i7PMvVSU piSlWyplUs1nP Alp7gGtaJIu</ latexit>
EF = 3.1 eV
<latexit sha1 _base64="nCvVTde072iCVxuBn ZHDU1S950E=">AAACfXichVHL SuRAFD0dH+O0r1Y3gptg0+JCwo 0OKAOCIA6z9NWtYEuTxLIN5kW SbnBC+wH+gAtXijKI6E+48Qdc+ AniUsGNoDfpgKioN6Tq3FP33D pVpXuWGYRENxmppbWt/UfHz2xn V3dPb66vvxS4Nd8QRcO1XH9V1 wJhmY4ohmZoiVXPF5qtW2JF356 N11fqwg9M11kOdzyxbmtVx9w0 DS1kqpIbnKtEZd+W/zSmJxRVjs pynIlSo5LLk0JJyB+BmoI80ph 3c/9RxgZcGKjBhoCDkLEFDQF/a 1BB8JhbR8Scz8hM1gUayLK2xl WCKzRmt3mscraWsg7ncc8gURu8 i8W/z0oZBbqmU7qnKzqjW3r6t FeU9Ii97PCsN7XCq/TuDS49fqu yeQ6x9ar60nOITUwlXk327iVM fAqjqa//279f+r1YiEboiO7Y/y Hd0CWfwKk/GCcLYvEAWX4A9f1 1fwSlcUUlRV34lZ+R06fowBCG Mcr3PYkZ/MU8irzvLo5xjovMs1 SQxiSlWSplUs0A3oQ0+QKnSZI r</latexit><latexit sha1 _base64="nCvVTde072iCVxuBn ZHDU1S950E=">AAACfXichVHL SuRAFD0dH+O0r1Y3gptg0+JCwo 0OKAOCIA6z9NWtYEuTxLIN5kW SbnBC+wH+gAtXijKI6E+48Qdc+ AniUsGNoDfpgKioN6Tq3FP33D pVpXuWGYRENxmppbWt/UfHz2xn V3dPb66vvxS4Nd8QRcO1XH9V1 wJhmY4ohmZoiVXPF5qtW2JF356 N11fqwg9M11kOdzyxbmtVx9w0 DS1kqpIbnKtEZd+W/zSmJxRVjs pynIlSo5LLk0JJyB+BmoI80ph 3c/9RxgZcGKjBhoCDkLEFDQF/a 1BB8JhbR8Scz8hM1gUayLK2xl WCKzRmt3mscraWsg7ncc8gURu8 i8W/z0oZBbqmU7qnKzqjW3r6t FeU9Ii97PCsN7XCq/TuDS49fqu yeQ6x9ar60nOITUwlXk327iVM fAqjqa//279f+r1YiEboiO7Y/y Hd0CWfwKk/GCcLYvEAWX4A9f1 1fwSlcUUlRV34lZ+R06fowBCG Mcr3PYkZ/MU8irzvLo5xjovMs1 SQxiSlWSplUs0A3oQ0+QKnSZI r</latexit><latexit sha1 _base64="nCvVTde072iCVxuBn ZHDU1S950E=">AAACfXichVHL SuRAFD0dH+O0r1Y3gptg0+JCwo 0OKAOCIA6z9NWtYEuTxLIN5kW SbnBC+wH+gAtXijKI6E+48Qdc+ AniUsGNoDfpgKioN6Tq3FP33D pVpXuWGYRENxmppbWt/UfHz2xn V3dPb66vvxS4Nd8QRcO1XH9V1 wJhmY4ohmZoiVXPF5qtW2JF356 N11fqwg9M11kOdzyxbmtVx9w0 DS1kqpIbnKtEZd+W/zSmJxRVjs pynIlSo5LLk0JJyB+BmoI80ph 3c/9RxgZcGKjBhoCDkLEFDQF/a 1BB8JhbR8Scz8hM1gUayLK2xl WCKzRmt3mscraWsg7ncc8gURu8 i8W/z0oZBbqmU7qnKzqjW3r6t FeU9Ii97PCsN7XCq/TuDS49fqu yeQ6x9ar60nOITUwlXk327iVM fAqjqa//279f+r1YiEboiO7Y/y Hd0CWfwKk/GCcLYvEAWX4A9f1 1fwSlcUUlRV34lZ+R06fowBCG Mcr3PYkZ/MU8irzvLo5xjovMs1 SQxiSlWSplUs0A3oQ0+QKnSZI r</latexit><latexit sha1 _base64="nCvVTde072iCVxuBn ZHDU1S950E=">AAACfXichVHL SuRAFD0dH+O0r1Y3gptg0+JCwo 0OKAOCIA6z9NWtYEuTxLIN5kW SbnBC+wH+gAtXijKI6E+48Qdc+ AniUsGNoDfpgKioN6Tq3FP33D pVpXuWGYRENxmppbWt/UfHz2xn V3dPb66vvxS4Nd8QRcO1XH9V1 wJhmY4ohmZoiVXPF5qtW2JF356 N11fqwg9M11kOdzyxbmtVx9w0 DS1kqpIbnKtEZd+W/zSmJxRVjs pynIlSo5LLk0JJyB+BmoI80ph 3c/9RxgZcGKjBhoCDkLEFDQF/a 1BB8JhbR8Scz8hM1gUayLK2xl WCKzRmt3mscraWsg7ncc8gURu8 i8W/z0oZBbqmU7qnKzqjW3r6t FeU9Ii97PCsN7XCq/TuDS49fqu yeQ6x9ar60nOITUwlXk327iVM fAqjqa//279f+r1YiEboiO7Y/y Hd0CWfwKk/GCcLYvEAWX4A9f1 1fwSlcUUlRV34lZ+R06fowBCG Mcr3PYkZ/MU8irzvLo5xjovMs1 SQxiSlWSplUs0A3oQ0+QKnSZI r</latexit>
kx = 1 (2⇡/a)
kz = 1/2 (2⇡/c)
<latexit sha1 _base64="x6wani1P2PXjIYf2e wwAgIFgji8=">AAACj3ichVE9 S+xAFD3G7/Vr1UawCS6KvmK9WQ RFUBZsnp1fq4KRJckbddhsEpL soi7+ASs7CysfPB5ib6vwmvcHL PwJYqlgY+FNNigq6h1m5syZe+ 6cmTE9WwYh0U2D0tjU3NLa1p7q 6Ozq7kn39q0GbsW3RMFybddfN 41A2NIRhVCGtlj3fGGUTVusmaW 5aH+tKvxAus5KuOeJzbKx7cgt aRkhU8X0jxG1VNyd0VRdHc3pnh w3xlRdT0Xs/ow2nnvhrbFiOkN ZikP9CLQEZJDEgpv+Cx2/4MJCB WUIOAgZ2zAQcNuABoLH3CZqzP mMZLwvcIAUayucJTjDYLbE4zav NhLW4XVUM4jVFp9ic/dZqWKYr umM7uk/ndMtPX1aqxbXiLzs8Wz WtcIr9hwOLD9+qyrzHGLnVfWl 5xBbmIq9SvbuxUx0C6uur+4f3y 9PLw3XRug33bH/U7qhf3wDp/p g/VkUSydI8Qdo75/7I1jNZTXK aosTmbyafEUbBjGEUX7vSeTxEw so8LlHuMAlrpReZVKZVfL1VKU h0fTjTSjzzzpJlSU=</latexit ><latexit sha1 _base64="x6wani1P2PXjIYf2e wwAgIFgji8=">AAACj3ichVE9 S+xAFD3G7/Vr1UawCS6KvmK9WQ RFUBZsnp1fq4KRJckbddhsEpL soi7+ASs7CysfPB5ib6vwmvcHL PwJYqlgY+FNNigq6h1m5syZe+ 6cmTE9WwYh0U2D0tjU3NLa1p7q 6Ozq7kn39q0GbsW3RMFybddfN 41A2NIRhVCGtlj3fGGUTVusmaW 5aH+tKvxAus5KuOeJzbKx7cgt aRkhU8X0jxG1VNyd0VRdHc3pnh w3xlRdT0Xs/ow2nnvhrbFiOkN ZikP9CLQEZJDEgpv+Cx2/4MJCB WUIOAgZ2zAQcNuABoLH3CZqzP mMZLwvcIAUayucJTjDYLbE4zav NhLW4XVUM4jVFp9ic/dZqWKYr umM7uk/ndMtPX1aqxbXiLzs8Wz WtcIr9hwOLD9+qyrzHGLnVfWl 5xBbmIq9SvbuxUx0C6uur+4f3y 9PLw3XRug33bH/U7qhf3wDp/p g/VkUSydI8Qdo75/7I1jNZTXK aosTmbyafEUbBjGEUX7vSeTxEw so8LlHuMAlrpReZVKZVfL1VKU h0fTjTSjzzzpJlSU=</latexit ><latexit sha1 _base64="x6wani1P2PXjIYf2e wwAgIFgji8=">AAACj3ichVE9 S+xAFD3G7/Vr1UawCS6KvmK9WQ RFUBZsnp1fq4KRJckbddhsEpL soi7+ASs7CysfPB5ib6vwmvcHL PwJYqlgY+FNNigq6h1m5syZe+ 6cmTE9WwYh0U2D0tjU3NLa1p7q 6Ozq7kn39q0GbsW3RMFybddfN 41A2NIRhVCGtlj3fGGUTVusmaW 5aH+tKvxAus5KuOeJzbKx7cgt aRkhU8X0jxG1VNyd0VRdHc3pnh w3xlRdT0Xs/ow2nnvhrbFiOkN ZikP9CLQEZJDEgpv+Cx2/4MJCB WUIOAgZ2zAQcNuABoLH3CZqzP mMZLwvcIAUayucJTjDYLbE4zav NhLW4XVUM4jVFp9ic/dZqWKYr umM7uk/ndMtPX1aqxbXiLzs8Wz WtcIr9hwOLD9+qyrzHGLnVfWl 5xBbmIq9SvbuxUx0C6uur+4f3y 9PLw3XRug33bH/U7qhf3wDp/p g/VkUSydI8Qdo75/7I1jNZTXK aosTmbyafEUbBjGEUX7vSeTxEw so8LlHuMAlrpReZVKZVfL1VKU h0fTjTSjzzzpJlSU=</latexit ><latexit sha1 _base64="x6wani1P2PXjIYf2e wwAgIFgji8=">AAACj3ichVE9 S+xAFD3G7/Vr1UawCS6KvmK9WQ RFUBZsnp1fq4KRJckbddhsEpL soi7+ASs7CysfPB5ib6vwmvcHL PwJYqlgY+FNNigq6h1m5syZe+ 6cmTE9WwYh0U2D0tjU3NLa1p7q 6Ozq7kn39q0GbsW3RMFybddfN 41A2NIRhVCGtlj3fGGUTVusmaW 5aH+tKvxAus5KuOeJzbKx7cgt aRkhU8X0jxG1VNyd0VRdHc3pnh w3xlRdT0Xs/ow2nnvhrbFiOkN ZikP9CLQEZJDEgpv+Cx2/4MJCB WUIOAgZ2zAQcNuABoLH3CZqzP mMZLwvcIAUayucJTjDYLbE4zav NhLW4XVUM4jVFp9ic/dZqWKYr umM7uk/ndMtPX1aqxbXiLzs8Wz WtcIr9hwOLD9+qyrzHGLnVfWl 5xBbmIq9SvbuxUx0C6uur+4f3y 9PLw3XRug33bH/U7qhf3wDp/p g/VkUSydI8Qdo75/7I1jNZTXK aosTmbyafEUbBjGEUX7vSeTxEw so8LlHuMAlrpReZVKZVfL1VKU h0fTjTSjzzzpJlSU=</latexit >
kx = 1 (2⇡/a)
ky = 0
<latexit sha1 _base64="q/aRUePtTQZPUEqRI txxbnQu5t0=">AAACgnicSyrI ySwuMTC4ycjEzMLKxs7BycXNw8 vHLyAoFFacX1qUnBqanJ+TXxS RlFicmpOZlxpaklmSkxpRUJSam JuUkxqelO0Mkg8vSy0qzszPCy mpLEiNzU1Mz8tMy0xOLAEKxQvI qilkx1fYGirEKGgYxRRk6idqK sTEcIFEK20N4gWUDfQMwEABk2E IZSgzQEFAvsByhhiGFIZ8hmSG UoZchlSGPIYSIDuHIZGhGAijGQ wZDBgKgGKxDNVAsSIgKxMsn8p Qy8AF1FsKVJUKVJEIFM0GkulAX jRUNA/IB5lZDNadDLQlB4iLgD oVGFQNrhqsNPhscMJgtcFLgz84 zaoGmwFySyWQToLoTS2I5++SC P5OUFcukC5hyEDowuvmEoY0Bgu wWzOBbi8Ai4B8kQzRX1Y1/XOw VZBqtZrBIoPXQPcvNLhpcBjog7 yyL8lLA1ODZjNwASPAED24MRl hRnqGBnqGgSbKDgrQqOBgkGZQ YtAAhrc5gwODB0MAQyjQ3maGlQ ybGDYzsTBpMRkyGUOUMjFC9Qg zoAAmGwBHE5Fa</latexit><latexit sha1 _base64="q/aRUePtTQZPUEqRI txxbnQu5t0=">AAACgnicSyrI ySwuMTC4ycjEzMLKxs7BycXNw8 vHLyAoFFacX1qUnBqanJ+TXxS RlFicmpOZlxpaklmSkxpRUJSam JuUkxqelO0Mkg8vSy0qzszPCy mpLEiNzU1Mz8tMy0xOLAEKxQvI qilkx1fYGirEKGgYxRRk6idqK sTEcIFEK20N4gWUDfQMwEABk2E IZSgzQEFAvsByhhiGFIZ8hmSG UoZchlSGPIYSIDuHIZGhGAijGQ wZDBgKgGKxDNVAsSIgKxMsn8p Qy8AF1FsKVJUKVJEIFM0GkulAX jRUNA/IB5lZDNadDLQlB4iLgD oVGFQNrhqsNPhscMJgtcFLgz84 zaoGmwFySyWQToLoTS2I5++SC P5OUFcukC5hyEDowuvmEoY0Bgu wWzOBbi8Ai4B8kQzRX1Y1/XOw VZBqtZrBIoPXQPcvNLhpcBjog7 yyL8lLA1ODZjNwASPAED24MRl hRnqGBnqGgSbKDgrQqOBgkGZQ YtAAhrc5gwODB0MAQyjQ3maGlQ ybGDYzsTBpMRkyGUOUMjFC9Qg zoAAmGwBHE5Fa</latexit><latexit sha1 _base64="q/aRUePtTQZPUEqRI txxbnQu5t0=">AAACgnicSyrI ySwuMTC4ycjEzMLKxs7BycXNw8 vHLyAoFFacX1qUnBqanJ+TXxS RlFicmpOZlxpaklmSkxpRUJSam JuUkxqelO0Mkg8vSy0qzszPCy mpLEiNzU1Mz8tMy0xOLAEKxQvI qilkx1fYGirEKGgYxRRk6idqK sTEcIFEK20N4gWUDfQMwEABk2E IZSgzQEFAvsByhhiGFIZ8hmSG UoZchlSGPIYSIDuHIZGhGAijGQ wZDBgKgGKxDNVAsSIgKxMsn8p Qy8AF1FsKVJUKVJEIFM0GkulAX jRUNA/IB5lZDNadDLQlB4iLgD oVGFQNrhqsNPhscMJgtcFLgz84 zaoGmwFySyWQToLoTS2I5++SC P5OUFcukC5hyEDowuvmEoY0Bgu wWzOBbi8Ai4B8kQzRX1Y1/XOw VZBqtZrBIoPXQPcvNLhpcBjog7 yyL8lLA1ODZjNwASPAED24MRl hRnqGBnqGgSbKDgrQqOBgkGZQ YtAAhrc5gwODB0MAQyjQ3maGlQ ybGDYzsTBpMRkyGUOUMjFC9Qg zoAAmGwBHE5Fa</latexit><latexit sha1 _base64="q/aRUePtTQZPUEqRI txxbnQu5t0=">AAACgnicSyrI ySwuMTC4ycjEzMLKxs7BycXNw8 vHLyAoFFacX1qUnBqanJ+TXxS RlFicmpOZlxpaklmSkxpRUJSam JuUkxqelO0Mkg8vSy0qzszPCy mpLEiNzU1Mz8tMy0xOLAEKxQvI qilkx1fYGirEKGgYxRRk6idqK sTEcIFEK20N4gWUDfQMwEABk2E IZSgzQEFAvsByhhiGFIZ8hmSG UoZchlSGPIYSIDuHIZGhGAijGQ wZDBgKgGKxDNVAsSIgKxMsn8p Qy8AF1FsKVJUKVJEIFM0GkulAX jRUNA/IB5lZDNadDLQlB4iLgD oVGFQNrhqsNPhscMJgtcFLgz84 zaoGmwFySyWQToLoTS2I5++SC P5OUFcukC5hyEDowuvmEoY0Bgu wWzOBbi8Ai4B8kQzRX1Y1/XOw VZBqtZrBIoPXQPcvNLhpcBjog7 yyL8lLA1ODZjNwASPAED24MRl hRnqGBnqGgSbKDgrQqOBgkGZQ YtAAhrc5gwODB0MAQyjQ3maGlQ ybGDYzsTBpMRkyGUOUMjFC9Qg zoAAmGwBHE5Fa</latexit>
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FIG. 5. 1D Dirac Fermions of (2,2)-Hopfene. Band struc-
tures at Dirac point k = (1, 0, 1/2) at ED = 2.8 eV along (a)
x, (b) y, and (c) z directions. Fermi points of (d) lower and
(e) upper valleys.
In the present letter, we have assumed that we can
control Fermi level at our disposal. In the real exper-
iments, the Fermi level must be determined to ensure
the charge neutrality. In our calculation, EF in non-
doped (2,2)-Hopfene was 1.1 eV. Due to the semi-metal
structure of the electronic bands, it will not be pos-
sible to change the Fermi level by the application of
the gate voltage in a metal-oxide-semiconductor struc-
ture. However, the metal intercalation such as doping of
alkali-metal would be possible[27], because of the huge
available space along z (c-axis) surrounded by Graphene
sheets (Figs. 1 (a) and (c)). The flat-bands found in
this letter would be favourable to possible observations
of superconductivity[28] and/or ferromagnetism[29], be-
cause of the increase in the density-of-states.
In conclusion, electronic structures of the 3D Hopf-
linked honeycomb lattices, named Hopfene, shows the
distinctive topological features characterised by 3D, 2D,
and 1D Weyl and Dirac Fermions. The Fermi sur-
faces show the dimensional crossover upon changes of
the Fermi level. The impacts of topological structures
on electrical properties are significant and the materi-
als will be useful as platforms to examine various con-
cepts of physics including magnetic monopoles, geomet-
rical phases, and topological superconductors.
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